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Abstract—This paper investigates a cache-aided cloud radio
access network (C-RAN), comprising a central unit, K base
stations (BSs) each with NT antennas, and M users each with
NR antennas, where each BS and user have local caches to store
some popular contents from the central unit. For this cache-aided
network, we propose the linear network coded (NC) wireless
caching that consists of linear wireless network coding assisted
cache placement phase and signal-space alignment (SSA) enabled
content delivery phase. In the cache placement phase, we design a
joint NC caching function at the BSs to store linear combinations
of messages from the central unit, as a form of linear wireless
network coding. In the content delivery phase, we design the SSA
pattern based on the NC caching to guide the precoding designs at
BSs. Then, each user can reliably decode its requested messages
by receiver shaping and reverse NC operation. The primary
contribution of this work is to achieve the coding gain induced by
the integration of linear wireless network coding and SSA, which
has been not exploited in the field of wireless coded caching.
In particular, to deal with high temporal variability of user
requests, we show that the proposed cache placement is invariant
to different user requests in the worst-case caching, without
any shared caching messages at different BSs. Furthermore, we
verify that the proposed scheme is also compatible with the
insufficient caching scenario at the BSs. In addition, we analyze
the achievable sum degrees of freedom (DoF) for the proposed
caching network. Both analytical and numerical results verify
that the proposed caching scheme achieves a higher sum DoF
than the existing related works.

Index Terms—Wireless coded caching, linear wireless network
coding, signal-space alignment, degrees of freedom

I. INTRODUCTION

In modern wireless networks, fronthaul links are threatened
by an alarming “digestive disease”, due to the huge congestion
caused by explosive growth of wireless traffic. Even worse, the
ever-growing traffic congestion will soon reach the capacity
limitation in the today’s network generation. Therefore, how
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to alleviate the fronthaul congestion while meeting the peak
traffic demands is a matter of great urgency [1]–[3].

Recent research unveils that multimedia delivery is a driving
factor of the wireless traffic, of which duplicate downloads
of a few popular contents (e.g., music or videos) occupy a
significant portion [2], [3]. This finding drives us to reduce the
redundant delivery through the fronthaul to alleviate the traffic
congestion. To deal with this challenge, caching revives and
come into play in wireless networks. Following the spirit of
web caching, one way to reduce the wireless traffic burden is to
employ memories distributed across the networks. Leveraging
these memory units, wireless edges (such as base station (BS)
and mobile device) pre-download and store the content via
the fronthaul during off-peak hours (cache placement phase).
Then, the fronthaul burden can be reduced, since the users can
download these popular contents directly from its local cache
or the nearby BSs in peak hours (content delivery phase),
rather than from the fronthaul. Recently, wireless caching has
been applied to a wide ranges of wireless networks [4]–[9].
Standing apart from web caching, wireless caching, operated
in the physical layer, attains the significant gains integrated
with advanced physical-layer coding technologies [7].

The seminal work [10] proposed coded caching to inves-
tigate fundamental limits of cache-aided broadcasting net-
works (consisting of one transmitter and multiple receivers),
assuming a wired, shared, and error-free link. The bit-wise
XOR network coding was employed in the delivery phase.
Superior to uncoded caching, coded caching can explore the
global caching gain from the coded multicasting transmission,
in addition to the local caching gain [10], [11]. As follow-
up, [12]–[14] proposed various coded caching strategies for
wireless broadcast channels. Coded caching also manifests
its benefits in wireless radio access networks (RANs) [8],
[15]–[19]. The major challenges in the cache-aided RAN lie
in the cache placement at transmitters and receivers and the
interference management induced by different user requests
in the content delivery. For example, [8], [15] optimized the
beamforming vectors to minimize the sum of backhaul and
power consumption cost in the cache-enabled cloud RANs
(C-RANs), and [16], [17] studied the achievable degrees-
of-freedom (DoF) under arbitrary cache size at both single-
antenna transmitters and receivers. Considering multiple anten-
nas at the wireless interference networks, [18], [19] adopted
the bit-wise XOR network coding and interference manage-
ment techniques such as interference alignment or interference
neutralization, as different cooperation strategies among the
transmitters are allowed in the cache placement. The ultimate
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goal of those works is to investigate the maximum DoF for the
wireless coded caching networks. Later on, [14] also studied
the symmetric rate in the finite signal-to-noise ratio (SNR)
regimes. Under fronthaul rate consideration, uncoded caching
scheme in [34] characterized the normalized delivery time for
the cloud and cache-aided RAN under different fronthaul-
edge transmission modes, where the zero-forcing precoding
is employed in the delivery phase.

In this paper, we address a series of issues that are not
considered in the existing works on wireless coded caching.
First, the bit-wise XOR network coding is not the optimal
solution to accommodate the fading and interference, even
in the wireless networks without cache. Recent works on the
linear wireless network coding shows an elegant way of har-
nessing the interference to improve the transmission reliability
while retaining the maximum network throughput [20]–[24].
The principle of linear wireless network coding is to compute
the linear combinations of user messages according to wireless
fading and the structure of interference. The goal of this paper
is to design the linear wireless network coding in the wireless
caching by exploiting the characteristics of wireless channels
and interference. Second, the related works have not explored
the extra coding gain brought by the nature of wireless network
coding, as the interference mitigation in the delivery phase
mainly relies on the shared cache placement among different
transmitters rather than the structure of wireless network
coding. Targeting at the coding gain, interference management
in the delivery phase catering to the wireless network coding
operated caching remains open. Third, wireless caching is
featured as high temporal variability of the user requests. The
frequent variation of caching placement at BSs will result in
high latency and cost. Therefore, an invariant cache placement
compatible with different user requests is preferable. Inspired
by the existing works in [5], [6], [10], [11], [18], [19], the
goal of this paper is to design the linear wireless network
coding aided cache placement that is invariant to different user
requests.

To cope with these problems, we proposed the linear wire-
less network coding operated wireless caching, referred to as
linear network coded (NC) wireless caching. To illustrate the
proposed caching strategy, we consider a cache-aided C-RAN
that consists of a central unit, K BSs, and M users. Each BS
and user are equipped with local caches and multiple antennas.
In the cache placement phase, we design a joint NC caching
function at BSs to prefetch multiple linear combinations of
messages from the central unit, as a form of linear wireless
network coding. In the content delivery phase, we propose
a joint precoding design at all BSs to perform the signal
space alignment (SSA) through the bin matrix designs at
users. By receiver shaping and reverse NC operation, each
user can successfully retrieve its requested messages. The key
contributions of this paper are summarized as follows:
• We design the linear NC wireless caching in the cache-

aided C-RAN. The core designs of this network lie in
the linear NC assisted cache placement phase and SSA
enabled content delivery phase (see Sections III and IV).
In particular, each BS stores the NC caching messages as
the linear combinations of messages in the central unit,
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Fig. 1. System model of the cache-aided C-RAN with a central unit, K
BSs, and M users.

without any shared caching messages at different BSs (see
Section III-A). To guide the precoding design, we design
the bin matrix to characterize the SSA patterns under
different user requests (see Sections IV-A and IV-B).

• We characterize the achievable sum DoF for the proposed
caching scheme. Because of the integration of linear
wireless network coding and SSA, the proposed scheme
attains the extra coding gain, contributing to a higher sum
DoF than the existing related works (see Section V).

• We verify that the proposed cache placement is invariant
to different user requests in the worst-case caching (i.e.,
all user requests are distinct) through the pre-designed
NC caching matrix at the BSs. In addition, we show that
the proposed wireless caching scheme is also applicable
in the insufficient caching at some BSs under the rate
constraint fronthaul (see Sections VI).

II. SYSTEM MODEL

Fig. 1 shows a cache-aided C-RAN that consists of a
central unit, K BSs, and M users. Each BS has NT antennas,
and each user is equipped with NR antennas. The content
in the central unit consists of M message vectors, denoted
by w1∼M = [wT1 ,w

T
2 , . . . ,w

T
M ]T , where each subvector

wm contains multiple messages. All BSs are connected to
the central unit through the error-free fronthaul layer in the
centralized manner. The local caches of finite size are equipped
at BSs and users respectively. As depicted in Fig. 1, the
wireless caching is composed of cache placement phase and
content delivery phase.

Cache placement phase: All BSs and users have the access
to the entire content in the central unit and prefetch some popu-
lar messages at their local caches with finite sizes, according to
pre-assigned caching functions. Define uk = φk(w1∼M ) and
vm = ψm(w1∼M ) as the caching message vectors associated
with the caching functions φk and ψm at BS k and user m,
k = 1, 2, . . . ,K and m = 1, 2, . . . ,M , respectively. Note that
the caching function φk at BS k is independent of the user
requests, since the BS is unaware of future requests of the
users in the content placement phase.

Content delivery phase: Each user m requests a message
vector wγm from the central unit, γm ∈ {1, 2, . . . ,M}. Let
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γ = [γ1 γ2 . . . γM ] denote the request vector collected from
all users, where γm corresponds to user m’s request. In this
phase, all BSs are informed of these requests and proceed
by transmitting a function of caching messages over wireless
channels (i.e., air-interface layer). This phase is equivalent to
a cache-aided downlink distributed multiple-input multiple-
output (MIMO) transmission.

Each BS k first processes its caching message vector to be a
space-time signal block Xk. All BSs broadcast their respective
signal blocks to all users simultaneously. This paper considers
a total power constraint

∑K
k=1E{tr(XHk Xk)} ≤ PT , where

E{·} denotes the expectation and tr(·) denotes the trace of a
matrix. Then, user m receives

Ym =
K∑
k=1

Hk,mXk + Zm, m = 1, 2, . . . ,M, (1)

where Hk,m denotes the channel coefficient matrix between
BS k and user m, and Zm denotes the AWGN matrix at user
m with i.i.d. entries of zero mean and variance σ2

z . This paper
considers that the channel coefficients remain invariant over
the duration of each block transmission and vary over different
blocks. Suppose that the channel information is available at all
BSs and users. The SNR per BS is defined as ρ = PT

Kσ2
z

.
Upon receiving Ym in (1), user m decodes its requested

messages wγm . Let ŵγm denote the decoded message vector
of user m. The decoding error probability is defined as

Pre = Pr
{

[wγ1 ,wγ2 , . . . ,wγM ] 6= [ŵγ1 , ŵγ2 , . . . , ŵγM ]
}
.

(2)

DoF metric: Let Rm denote the transmission rate of user
m’s messages. In the wireless caching network, an information
rate tuple (R1, R2, . . . , RM ) is said to be achievable, if there
exists a channel code (R1, R2, . . . , RM , n,Pre) such that
Pre ≤ ε for any ε > 0 as the coding block length n goes
to infinity. Then, a DoF tuple (d1, d2, . . . , dM ) is said to be
achievable if the rate of each user scales as lim

ρ→∞
Rm
log ρ = dm

[25]. Furthermore, an achievable sum DoF is d =
∑M
m=1 dm.

III. PROPOSED LINEAR NC WIRELESS CACHING

In this section, we propose a K × M linear network
coded (NC) wireless caching network, as shown in Fig. 2.
We first consider the worst-case caching scenario, where all
user requests are distinct and no local cache is deployed at
each user. That is, γm 6= γm′ , ∀m,m′ ∈ {1, . . . ,M} and
m 6= m′. Furthermore, the caching at both BSs and users will
be elaborated in Section VI.

A. Linear Wireless Network Coding Assisted Cache Placement
Phase

In practice, the user request varies independently and fre-
quently over different block transmissions and time slots.
Driven by the existing works in [5], [6], [10], [11], [18], [19],
we propose a unified design of the joint NC caching function
for K BSs to fulfill different user requests.

Let wm = [wm,1 wm,2 . . . wm,Lo
m

]T be the mth message
vector in the central unit, m = 1, 2, . . . ,M . Consider that each
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Fig. 2. System model of the proposed K ×M linear NC wireless caching.

element of wm is drawn i.i.d. from a finite field Fq , i.e., wm ∈
FL

o
m

q , where q corresponds to the modulation cardinality. Let
Lo = Lo

1+Lo
2+. . .+Lo

M denote the total number of messages.
In the cache placement phase, we design the linear wireless
network coding assisted caching functions φk at BS k to store
a length-Lb

k caching message vector as

uk = φk(w1∼M ) = Gk ⊗w1∼M , k = 1, 2, . . . ,K, (3)

where Gk ∈ FL
b
k×L

o

q is the NC caching matrix of BS k. Let
gk,lk denote the lkth row vector of Gk and gk,lk [j] denote the
(lk, j)th element in Gk, respectively. Then, gk,lk [j] ∈ Fq , lk =
1, 2, . . . , Lb

k and j = 1, 2, . . . , Lo. The operation ⊗ denotes the
multiplication in Fq , i.e., a⊗ b = ab (mod q).

We refer to uk ∈ FL
b
k

q as the NC caching message vector
stored at BS k. Let uk = [uk,1 uk,2 . . . uk,Lb

k
]T with uk,lk ∈

Fq being the ith NC caching message of uk, given by

uk,lk = gk,lk ⊗w1∼M

= gk,lk [1]⊗ w1,1 . . .⊕ gk,lk [Lo
1]⊗ w1,Lo

1
. . .

⊕gk,lk [Lo − Lo
M + 1]⊗ wM,1 . . .⊕ gk,lk [Lo]⊗ wM,Lo

M
, (4)

for lk = 1, 2, . . . , Lb
k. The operation ⊕ denotes the addition

in Fq , i.e., a ⊕ b = a + b (mod q). From (3) and (4), BS
k prefetches Lb

k linear combinations of messages from the
central unit rather than the messages themselves. Let Lb =
Lb

1 + Lb
2 + . . .+ Lb

K denote the total number of NC caching
messages stored at K BSs. Throughout this paper, the total
memory of all the BSs (i.e., Lb) is less than or equal to the
total number of messages in the central unit (i.e., Lo).

The NC caching message vectors in (3) and (4) can be
collectively expressed as

u1∼K = [uT1 uT2 . . . uTK ]T = G1∼K ⊗w1∼M , (5)

where G1∼K = [GT1 GT2 . . . GTK ]T ∈ FLb×Lo

q is referred
to as the joint NC caching matrix. This paper considers that
G1∼K has the full rank in Fq . Note that w1∼M cannot be
recovered from u1∼K if G1∼K is rank deficient over Fq .
Furthermore, it suffices to consider a full-rank G1∼K over
Fq as a square matrix (i.e., Lb = Lo). For Lb > Lo, there
exist some caching messages that are linearly dependent in
Fq , resulting in the waste of limited caching space at BSs.

Consider that L = Lb = Lo. In this case, Lbk is sim-
plified to Lk. Define G̃1∼K ∈ FL×Lq as the inverse NC
matrix of G1∼K in Fq such that G̃1∼K ⊗ G1∼K = IL,
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where IL is an identity matrix with the size of L × L. Let
G̃1∼K = [G̃T1 G̃T2 . . . G̃TK ]T , where G̃k ∈ FLk×Lq , and
g̃k,lk denotes the lkth row of G̃k, lk = 1, 2, . . . , Lk. Generally,
the recovery of various requested messages at each user
requires the knowledge of G̃1∼K . Because of the invertibility
of G1∼K , the messages wγm requested by user m can be
recovered by wγm = G̃γm ⊗ u1∼K , γm ∈ {1, 2, . . . ,M}.
This paper focuses on the design of G̃1∼K (will be elaborated
in Section IV-C). As such, the joint caching matrix G1∼K is
straightforward.

Remark 1 (Related works on cache placement): In some
caching networks, the messages requested by some users may
be exclusive to a specific BS due to the privacy concern.1 This
implies that the same caching messages may not be allowed to
share among different BSs. In this paper, we consider that the
independent channel coding and modulation are performed
on the caching messages of each BS. Therefore, differing
from [16], [18], [19], the proposed cache placement does not
require different BSs to share their caching messages. �

In what follows, Sections IV and V consider the fronthaul
between the central unit and BSs without rate constraint.
Considering the rate constraint, Section VI investigates a
caching scenario where some BSs cannot prefetch enough
caching messages to fulfill the user requests.

B. Signal-Space Alignment (SSA) Enabled Content Delivery
Phase

Each multi-antenna BS precodes their caching messages
by a precoding matrix and broadcasts its precoded signals to
all users simultaneously. We will not delve into the channel
coding and modulation that are performed on each caching
message vector at each BS (please refer to the nested lattice
coding design and decoding algorithm in [26], [31] for details).
As such, the NR-dimensional received signal vector at user m
is given by

ym =
K∑
k=1

Hk,mPkuk + zm, m = 1, 2, . . . ,M, (6)

where Pk denotes the precoding matrix at BS k with size
of NT × Lk. Let pk,lk denote the lkth column of Pk.
Then, the joint precoding matrix at all K BSs is P1∼K =
[P1 P2 . . . PK ] with size of NT × L. Let pl denote the
lth column of P1∼K , l = 1, 2, . . . , L. Considering that the
caching message vector at each BS has the unit power, we
require that

∑K
k=1E{tr(PTk Pk)} ≤ PT .

Recall that user m requests wγm ∈ FLγmq from the
NR-dimensional ym that involves the superimposition of
L caching messages from the BSs. In this paper, we
consider that L > NR and Lγm ≤ NR.2 Define the

1In the content delivery network (CDN), each content owner such as a
media company or an e-commerce vendor rents a group of servers owned by
a CDN operator to deliver the requested contents to its end users. In this case,
the servers rented by the content owner are exclusive to a specific group of
users.

2For L ≤ NR, each user can decode the L caching messages from the
NR-dimensional received signal vector. However, the caching scheme cannot
achieve the maximum DoF. Meanwhile, if Lγm > NR, the user cannot
decode the length-Lγm requested messages within the NR spatial dimension.

set that collects the vectors corresponding to the sig-
nal spaces of the NC caching messages received at user
m as Vm = {V1,m,V2,m, . . . ,VK,m}, where the subset
Vk,m = {Hk,mpk,1 Hk,mpk,2 . . .Hk,mpk,Lk} with the vector
Hk,mpk,lk corresponding to signal space of the NC caching
message uk,lk , k = 1, 2, . . . ,K and lk = 1, 2, . . . , Lk. Given
|Vk,m| = Lk, the size of signal space in Vk,m is Lk, where
|A| denotes the cardinality of set A. In total, |Vm| NC caching
messages collide at each user, where |Vm| = |V1,m| + . . . +
|VK,m| = L denotes the total size of signal spaces. Note
that any two vectors of Vm associated with two different
signal spaces are linearly independent under the random fading
channels almost surely.

Now it is clear that the size of signal spaces (i.e., L)
exceeds the spatial dimension of the received signal at each
user (i.e., NR). Under the dimension constraint at each user,
the precoders should be jointly designed to deliberately align
signal spaces of desired NC caching messages at each user.

IV. SIGNAL-SPACE ALIGNMENT FOR LINEAR NC
CACHING

In the content delivery phase, all BSs broadcast different
NC caching message vectors to all users simultaneously, and
the interference at each user comes from the transmission of
requested messages by all the other users. Since each NC
caching message is a linear combination of multiple user
requests, it is not possible for each user to extract the requested
messages from the caching message by interference alignment
(IA) [27]. Following the SSA designs in [25], [28], we propose
a new SSA pattern for the linear NC wireless caching to align
the desired NC caching messages under various user requests.
In general, the key idea of IA is to align the interference
signals in the same dimension separable from the desired
signals, such that the desired signals are distinguishable. The
SSA for the wireless network coding advances IA by exploit-
ing both structures of the desired signals and interference,
corresponding to the NC operation. As Section IV-A will show,
the desired caching messages are actually not the messages
requested by the user but those involved in the inverse NC
matrix.

Definition 1 (Signal-Space Alignment): Two different vec-
tors v1 and v2 are said to be aligned in the same signal space
if v1 = cv2 with a nonzero constant c. This paper uses v1‖v2

to denote two aligned vectors v1 and v2. �
Index Conversion: Suppose that a length-L column vector

v1∼K = [vT1 vT2 . . . vTK ]T . Let vk be the kth length-Lk
subvector of v1∼K . Then, L = L1 + L2 + . . . + LK . For
clarity, the lkth entry of vk corresponds to the I(k, lk)th entry
of v1∼K , where

I(k, lk) =
k−1∑
i=1

Li + lk, (7)

for k ∈ {1, 2, . . . ,K} and lk ∈ {1, 2, . . . , Lk}. Conversely, the
tth entry of v1∼K corresponds to the I†2(t)th entry of vI†1 (t),
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as follows:

I†1(t) = k, if
k−1∑
i=1

Li < t ≤
k∑
i=1

Li, (8)

I†2(t) = t−
I†1 (t)−1∑
i=1

Li. (9)

The design procedure of matrices in the following subsec-
tions is illustrated in Fig. 3.

A. Bin Designs at Users

In this subsection, we design a bin matrix Bm over
F2 to identify the desired NC caching messages that
should be aligned at the user. Furthermore, Bm =
[bTm,1 bTm,2 . . . bTm,N ]T with bm,n ∈ FL2 being the nth
row vector of Bm, n = 1, 2, . . . , N . We also determine the
value of N , i.e., the number of bins at each user. Define
B1∼M = [BT1 BT2 . . .B

T
M ]T as the joint bin matrix. The

SSA pattern for the linear NC caching network relies on the
structure of B1∼M .

Define a support set that collects the indices of nonzero
entries in bm,n as

J (bm,n) =
{
j ∈ {1, 2, . . . , L}

∣∣bm,n[j] = 1
}
, (10)

where bm,n[j] denotes the jth entry of bm,n.
Suppose that N bins are created for each user to align the

L messages within the NR dimension. Generally, bin n at
the user contains a set of aligned NC caching messages, as
follows:

Bm,n =
{
uk,lk |I(k, lk) ∈ J (bm,n),∃k ∈ {1, 2, . . . ,K},

∃lk ∈ {1, 2, . . . , Lk}
}
, (11)

for n = 1, 2, . . . , N and m = 1, 2, . . . ,M , where I(k, lk) is
defined in (7). The aligned caching messages in each user’s
bin are so call the desired caching messages of this user.
From (11), the caching messages in Bm,n correspond to the
nonzero elements in bm,n, and |Bm,n| = |J (bm,n)|. Further,
|Bm,n| ≤ L, since |J (bm,n)| ≤ L, ∀m ∈ {1, 2, . . . ,M}
and ∀n ∈ {1, 2, . . . , N}. We remark that there exists a single
vector occupying the unique signal space if |Bm,n| = 1.

Due to the spatial dimension constraint at each user, the
joint bin matrix B1∼M should be deliberately designed such
that the user can decode its requested messages. Considering

MNR ≥ L,3 the design criteria of the joint bin matrix B1∼M
for M users are as follows:

(C1) The Hamming weight4 of every column in Bm is 1, m =
1, 2, . . . ,M ;

(C2) N = max
k∈{1,...,K}

Lk;

(C3) B1∼M has the full rank of L in F2.

Let us interpret the design criteria in (C1)-(C3).
First, (C1) implies that any two distinct bins at each user

cannot contain the same NC caching message. Thus, the signal
space associated with each bin is unique. That is, Bm,n ∩
Bm,n′ = ∅,∀n 6= n′,∀n, n′ ∈ {1, 2, . . . , N}, where ∅ denotes
the empty set. If (C1) fails, the NC caching messages in the
two bins cannot be separated at the user, since they are aligned
together.

Second, (C2) indicates that the number of bins at each user
is N = max

∀k∈{1,...,K}
Lk. Given that N ≤ NR, all NC caching

messages are aligned within the N -dimensional signal space.
For the user m with the length of the requested message
Lγm = N , it is straightforward that N bins are needed. For
the user m′ with Lγ′

m
< N , N bins are still required since the

user with Lγm = N will interfere the user m′, for m′ 6= m.
In addition, the maximum number of bins created at each user
is NR, i.e., N ≤ NR.

Third, (C3) guarantees that the column vectors of B1∼M
are linearly independent over F2. Otherwise, it is possible that
some column vectors in Bm can be expressed as the linear
combinations of the remaining columns in Bm over F2, which
contradicts with (C1). As Section IV-C further verifies, (C3)
is required to design the full-rank inverse NC matrix over Fq .

Furthermore, from (C1) and (C2), we obtain∑N
n=1 |Bm,n| = L, m = 1, 2, . . . ,M . In other words,

all NC caching messages are included in the bins of each
user.

Theorem 1: Consider a K×M linear NC wireless caching
network, where each BS and user are equipped with NT and
NR antennas, respectively. Given that MNR ≥ L, L > NR,
and Lrm ≤ NR,∀m, there exists a joint bin matrix B1∼M ∈
FMN×L

2 satisfying (C1)-(C3).
The proof of Theorem 1 is given in Appendix. �
Observation 1: The designed B1∼M in Theorem 1 is

independent of γm for the worst-case caching scenario. In this
case, the B1∼M keeps invariant as the user request varies. �

Corollary 1: Following the statement of Theorem 1, there
exists a joint bin matrix B1∼M satisfying (C1)-(C3) if and
only if at most one of Lγ1 , Lγ2 , . . . , LγM is equal to NR.

Proof: As (C2) implies, N ≤ NR. W.l.o.g., consider
that Lγ1 = NR. The sufficiency is proved by following
Case 1 in Appendix. If Lγ1 ≥ NR > Lγ2 ≥ . . . ≥ LγM ,
the design of B1∼M satisfying (C1)-(C3) indeed exists. The
necessity follows Case 2 in Appendix, by using the proof of
contradiction. That is, it is not possible to design the B1∼M
satisfying (C1)-(C3) if we can find any other Lγm yielding

3If MNR < L, it implies that there exists at least one user m that cannot
decode its requested messages because of Lγm > NR.

4The Hamming weight of a vector denotes the number of nonzero elements
in this vector.
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Lγm = Lγ1 for m ∈ {2, 3, . . . ,M}. The proof is completed.

The corollary below shows that B1∼M has the block-wise
full rank in F2.

Corollary 2: Consider a bin matrix B1∼M satisfying (C1)-
(C3). Each submatrix Bm has the full rank of N in F2.

Proof: According to the interpretation of (C1), any dis-
tinct bm,n and bm,n′ cannot have “1” in the same place,
since Bm,n ∩ Bm,n′ = ∅, n 6= n′. Thus, it is not possible
to find a nonzero vector α = [α1 α2 . . . αN ] ∈ FN2 such that
α1bm,1 + α2bm,2 + . . .+ αNbm,N = 0 (mod 2). Therefore,
Bm has the full rank of N in F2.

In the following, we illustrate the bin matrix design with
two toy examples.

Example 1 (Part I: bin matrix): Considers K = M = 2
and NT = NR = 3 [30]. The message vectors are w1 =
[w1,1 w1,2 w1,3]T and w2 = [w2,1 w2,2]T , where w1 ∈ F3

q

and w2 ∈ F2
q . Suppose that users 1 and 2 request w1 and w2

respectively, i.e., {γ1, γ2} = {1, 2}.
Cache placement phase: The specific designs of G1 and G2

will be given in Part III of Example 1. Then, BSs 1 and 2 store
u1 = G1⊗w1∼2 = [u1,1 u1,2 u1,3]

T and u2 = G2⊗w1∼2 =

[u2,1 u2,2]
T at their local caches, respectively.

Content delivery phase: From (6), the vector w.r.t. signal
spaces of NC caching messages received at user m is Vm =
{H1,mp1,1 H1,mp1,2 H1,mp1,3 H2,mp2,1 H2,mp2,2}, m =
1, 2. It is seen that the size of signal spaces exceeds the spatial
dimension of the received signal at each user, since |V1| =
|V2| = 5 > NR = 3. By Theorem 1, B1∼2 is designed as

B1∼2 =

[
B1

B2

]
=


1 0 0 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0
0 1 0 0 1
0 0 1 0 0

 . (12)

One can verify that B1∼2 in (12) satisfy (C1)-(C3). At user
1, 3 bins are created with respect to B1. First, from (10),
J (b1,1) = {1}, J (b1,2) = {2, 4}, and J (b1,3) = {3, 5}.
Then, from (11), B1,1 = {u1}, B1,2 = {u2 u4}, and B1,3 =
{u3 u5}. At user 2, 3 bins are created with respect to B2. First,
J (b2,1) = {1, 4}, J (b2,2) = {2, 5}, and J (b2,3) = {3}.
Then, B2,1 = {u1 u4}, B2,2 = {u2 u5}, and B2,3 = {u3}. �

Example 2 (Part I: Bin matrix): This example consid-
ers K = M = 3 and NT = 6, NR = 3. Consid-
er w1 = [w1,1 w1,2 w1,3]T , w2 = [w2,1 w2,2]T , and
w3 = [w3,1 w3,2]T . Suppose that {γ1, γ2, γ3} = {1, 2, 3}.
By Theorem 1, B1∼3 is designed as

B1∼3 =

 B1

B2

B3

 =



1 0 0 0 0 0 0
0 1 0 1 0 1 0
0 0 1 0 1 0 1
1 0 0 1 0 0 0
0 1 0 0 1 1 0
0 0 1 0 0 0 1
1 0 0 1 0 1 0
0 1 0 0 1 0 1
0 0 1 0 0 0 0


. (13)

B. SSA Enabled Precoding Design at BSs

In this subsection, we jointly design the precoding matrices
of K BSs to perform the SSA characterized by the joint
bin matrix. Suppose that user m requests wγm ∈ FLγmq . Let
J (bγm,n) = {j1, j2, . . . , j|Bγm,n|}. To align the NC caching
messages in Bγm,n of (11), P1∼K must satisfy

HI†1 (j1),mpj1‖HI†1 (j2),mpj2 . . . ‖HI†1 (j|Bγm,n|),m
pj|Bγm,n| ,(14)

From (8) and (9), we can alternatively express (14) as

HI†1 (j1),mpI†1 (j1),I†2 (j1)‖HI†1 (j2),mpI†1 (j2),I†2 (j2)

. . . ‖HI†1 (j|Bγm,n|),m
pI†1 (j|Bγm,n|),I

†
2 (j|Bγm,n|)

. (15)

From Definition 1, (14) indicates that

c1HI†1 (j1),mpj1 = c2HI†1 (j2),mpj2 = . . .

= c|Bm,n|HI†1 (j|Bγm,n|),m
pj|Bγm,n| , (16)

for some constants c1, c2, . . . , c|Bγm,n|. For the binary NC
caching matrix in this paper, c1 = c2 = . . . = c|Bγm,n| = 1.

Considering all bins at all users, we can rewrite (16) in a
matrix form:

Γ1∼M p̄ = 0, (17)

where Γ1∼M is referred to as the joint precoding
constraint matrix, and p̄ = [pT1,1,p

T
1,2, . . . ,

pT1,Lk , . . . ,p
T
K,1,p

T
K,2, . . . ,p

T
K,LK

]T denotes the vectorized
version of P1∼K with pk,lk defined in (6). The length of
p̄ is (L1 + L2 + . . . + LK)NT = LNT . The intuition of
introducing Γ1∼M is to formulate a constraint under which
the precoding matrices of BSs exist.

Let us clarify the structure of Γ1∼M based on (16). First,
we can decompose Γ1∼M into

Γ1∼M = [ΓT1 ΓT2 . . .Γ
T
M ]T , (18)

where the mth row submatrix Γm is the precoding constraint
matrix for the user m according to Bm. Plugging (18) into
(17), the precoding constraint matrix for user m yields

Γmp̄ = 0. (19)

Note that the number of bins created at each user is N by
(C2). Then, Γm is expressed as

Γm = [ΓTm,1 ΓTm,2 . . . ΓTm,N ]T , (20)

where Γm,n is the precoding constraint matrix induced by the
bin n of user m, n = 1, 2, . . . , N . More specific, we have

Γm,n =
. . . HI†1 (j1),m . . . . . . HI†1 (j2),m . . .
. . . HI†1 (j1),m . . . . . . . . . HI†1 (j3),m

...
...

...
...

...
...

. . . HI†1 (j1),m . . . HI†1 (j|Bγm,n|),m
. . . . . .

 ,
(21)

where J (bγm,n) = {j1, j2, . . . , j|Bγm,n|} is defined in (10).
It is emphasized that Γm,n is a sparse matrix with two
nonzero submatrices only in each row block and zero sub-
matrices elsewhere. Therefore, each Γm,n has the size of
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(|Bγm,n| − 1)NR × LNT . Taking all N bins of user m into
consideration, Γm has the size of (L−N)NR × LNT , since
|Bγm | =

∑N
n=1 |Bγm,n| = L by (C2).

It is possible that some bin n′ contains a single NC caching
message. In this case, from (14) and (21), the corresponding
Γm,n′ contains a single nonzero submatrix only. However, this
Γm,n′ does not impose any constraint for the SSA of user
m, and hence can be safely removed from Γm. Then, Γm
is obtained by collecting the remaining Γm,n in Γm, ∀n 6=
n′, n ∈ {1, 2, . . . , N}.

Theorem 2: Given a joint bin matrix B1∼M satisfying (C1)-
(C3), there exists at least one solution of P1∼K if

LNT > (L−N)MNR. (22)

Proof: From (19), p̄ exists as long as the null space
of Γ1∼M is not empty. It is straightforward from (21) that
Γ1∼M has the size of (L − N)MNR × LNT . Suppose that
the rank of Γ1∼M is rank(Γ1∼M ). According to the rank-
nullity theorem [29], the nullity of Γ1∼M is nul(Γ1∼M ) =
LNT − rank(Γ1∼M ). If (22) is satisfied, there always exists
at least one solution of p̄, since rank(Γ1∼M ) ≤ (L−N)MNR
yielding nul(Γ1∼M ) > 0. The proof is completed.

Observation 2: For any request γm, Γm is induced by the
bin Bγm . Therefore, different user requests lead to different
joint precoding matrices according to (21).

Example 1 (Part II: precoding constraint matrix) Following
the bin matrix (12) in Part I of Example 1, the joint precoding
constraint matrix under {γ1, γ2} = {1, 2} is given by

Γ1∼2 =

[
Γ1

Γ2

]
=


0 H1,1 0 H2,1 0
0 0 H1,1 0 H2,1

H1,2 0 0 H2,2 0
0 H1,2 0 0 H2,2


(23)

and p̄ = [pT1,1,p
T
1,2,p

T
1,3,p

T
2,1,p

T
2,2]T . It can be verified that

the SSA at users 1 and 2 yields Γp̄ = 0. We remark that Γ1∼2

in (23) does not impose any constraint on the bins b1,1 and
b2,3 each with a single message.

Correspondingly, the SSA in bins 2 and 3 of us-
er 1 yields H1,1p2‖H2,1p4 (i.e., H1,1p1,2‖H2,1p2,1) and
H1,1p3‖H2,1p5 (i.e., H1,1p1,3‖H2,1p2,2), respectively, while
bin 1 of user 1 contains a single signal vector of H1,1p1

(i.e., H1,1p1,1). Likewise, the SSA in bins 1 and 2 of
user 2 is H1,2p1‖H2,2p4 (i.e., H1,2p1,1‖H2,2p2,1) and
H1,2p2‖H2,2p5 (i.e., H1,2p1,2‖H2,2p2,2), respectively, while
bin 3 of user 2 contains a single signal vector of H1,2p3 (i.e.,
H1,2p1,3). By Theorem 2, we can find at least one precoding
matrix, since the size of Γ1∼2 is 12× 15.

Consider {γ1, γ2} = {2, 1}. From (21), the joint precoding
constraint matrix becomes

Γ1∼2 =

[
Γ1

Γ2

]
=


H1,1 0 0 H2,1 0

0 H1,1 0 0 H2,1

0 H1,2 0 H2,2 0
0 0 H1,2 0 H2,2

 .
(24)

The joint precoding matrix also exists under this request. �

Example 2 (Part II: precoding constraint matrix) Following
the bin matrix (13) in Part I of Example 2, the joint precoding
constraint matrix under {γ1, γ2, γ3} = {1, 2, 3} is given by

Γ1∼3 =

 Γ1

Γ2

Γ3



=



0 H1,1 0 H2,1 0 0 0
0 H1,1 0 0 0 H3,1 0
0 0 H1,1 0 H2,1 0 0
0 0 H1,1 0 0 0 H3,1

H1,2 0 0 H2,2 0 0 0
0 H1,2 0 0 H2,2 0 0
0 H1,2 0 0 0 H3,2 0
0 0 H1,2 0 0 0 H3,2

H1,3 0 0 H2,3 0 0 0
H1,3 0 0 0 0 H3,3 0

0 H1,3 0 0 H2,3 0 0
0 H1,3 0 0 0 0 H3,3


(25)

and p̄ = [pT1,1,p
T
1,2,p

T
1,3,p

T
2,1,p

T
2,2,p

T
3,1,p

T
3,2]T . By Theorem

2, the precoding matrix exists, since the size of Γ1∼3 is 36×42.

C. Joint NC Caching Matrix Design

Let us detail the design of the joint NC caching matrix
G1∼K . Given B1∼M ∈ FMN×L

2 and M = K, the design
criteria of the inverse NC matrix G̃1∼K ∈ FL×L2 are given as
follows:

(D1) For BS k with Lk = N , G̃k = Bk.
(D2) For BS k with Lk < N , G̃k is a submatrix of Bk by

selecting Lk rows of Bk.
(D3) G̃1∼K has the full rank of L in F2.

For any B1∼M satisfying (C1)-(C3), we can verify that there
exists at least one G̃1∼K satisfying (D1)-(D3), as follows:

For the case stated in (D1), the design of G̃k is straightfor-
ward. For the case stated in (D2), suppose that the row indices
of Bk taken by G̃k are denoted by {l1, l2, . . . , lLk}. Notably,
the rows cannot be arbitrarily chosen from Bk to construct
G̃k in (D2). This is because the selected rows in Bk may be
linearly dependent on Bk′ over F2 for k 6= k′, resulting in a
rank deficient G̃1∼K over F2. Thus, (D3) is further needed to
guarantee that G̃1∼K has full rank over F2. Then, from (C3),
the full rank G̃k over F2 indeed exists, since G̃1∼K ⊆ B1∼K .

By Corollary 2, we can deduce that G̃1∼K also has the
block-wise full rank property. That is, each submatrix G̃k has
full rank of Lk over Fq . In addition, the Hamming weight of
every column in G̃k is also 1, since G̃k ⊆ Bk.

For any G̃1∼K satisfying (D1)-(D3), we can identify its
inverse matrix over Fq , i.e., the joint NC caching matrix
G1∼K . Thus, the bin design is the core of the linear NC
wireless caching, which bridges the cache placement and
content delivery via the linear wireless network coding.

Observation 3: In the worst-case caching, the design of
G̃1∼K in (D1)-(D3) for any user request can also be used
under the other user requests. As such, the joint NC caching
matrix induced by G̃1∼K keeps unchanged for distinct user
requests, consistent with Observation 1.

From Observations 2 and 3, the design of NC caching
functions in the placement phase is unaware of the future
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user requests, but the precoding design in the delivery phase
depends on the user requests.

Example 1 (Part III: joint NC caching matrix) Let us revisit
B1∼2 in (12). From (D1), G̃1 = B1 for BS 1 with L1 = N =
3. From (D2), for BS 2 with L2 = 2, we select the first 2 rows
of B2 to form G̃2. Then, the inverse NC matrix is given by

G̃1∼2 =

[
G̃1

G̃2

]
=


1 0 0 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0
0 1 0 0 1

 . (26)

It can be verified that G̃1∼2 has the full rank of 5 in Fq .
Then, the joint NC caching matrix G, being the inverse

matrix of G̃ over Fq , is given by

G1∼2 =

[
G1

G2

]
=


1 0 0 0 0
1 1 0 q − 1 0
1 1 1 q − 1 q − 1

q − 1 0 0 1 0
q − 1 q − 1 0 1 1

 .
(27)

In the cache placement phase, BSs 1 and 2 follow (3) to
prefecth u1 = G1 ⊗w1∼2 = [w1,1, w1,1 ⊕ w1,2 ⊕ (q − 1) ⊗
w2,1, w1,1 ⊕w1,2 ⊕w1,3 ⊕ (q − 1)⊗w2,1 ⊕ (q − 1)⊗w2,2]T

and u2 = G2 ⊗ w1∼2 = [(q − 1) ⊗ w1,1 ⊕ w2,1, (q − 1) ⊗
w1,1 ⊕ (q − 1) ⊗ w1,2 ⊕ w2,1 ⊕ w2,2]T at their local caches,
respectively. �

Example 2 (Part III: joint NC caching matrix) Based on
B1∼2 in (13), we have

G̃1∼3 =

 G̃1

G̃2

G̃3

 =



1 0 0 0 0 0 0
0 1 0 1 0 1 0
0 0 1 0 1 0 1
1 0 0 1 0 0 0
0 1 0 0 1 1 0
1 0 0 1 0 1 0
0 1 0 0 1 0 1


. (28)

Then, G1∼3 can also be determined as the inverse matrix of
G̃1∼3 over Fq . �

D. Receiver Shaping and Reverse NC Operation

By the SSA in Section IV-B, the desired NC caching
messages are aligned at the bins of each user. Then, the zero-
forcing receiver shaping is used to decouple the bins of each
user, assuming that G̃1∼K is available at all users5.

To decouple the bins, ym of user m goes through a zero-
forcing filter Qm as below:

rm =
[
rm,1 rm,2 . . . rm,Lγm

]T
= Qmym, (29)

where Qm = [qTm,1 qTm,2 . . . qTm,Lγm ]T denotes the shap-
ing matrix with qm,lm being the lmth row of Qm, lm =

5To retrieve the messages under different requests, it is essential for the
requesting user to know G̃1∼K . Therefore, we assume that G̃1∼K can be
reliably transmitted to users. Since the pre-assigned G1∼K is compatible with
different user requests under different channel realizations, the transmission
overhead induced by G̃1∼K is negligible.

1, 2, . . . , Lγm . By the filter qm,lm , ym is projected onto the
subspace perpendicular to that spanned by all other bins except
bin lm at user m. Therefore, we have

qm,lmHI†1 (j),mpj = 0, ∀j ∈ J (bγm,l′m),

l′m ∈ {1, 2, . . . , Lγm}, lm 6= l′m. (30)

Note that each bin occupies a unique signal space according
to the SSA pattern in (C1) of Section IV-A. Thus, rm,lm of user
m corresponds to the signal space in the bin lm only, and the
interference from all other bins is eliminated. To null out the
interference, it is sufficient for qm,lm to be orthogonal to any
single vector in the bin l′m, lm 6= l′m, since all vectors in the
same bin are aligned by the SSA in (14). After the decoupling
of bins, user m carries out the reverse NC operation to decode
its requested wγm .

Consider that user m attempts to decode wγm,lm . From (29)
and (30), rm,lm = qm,lmym = ηm,lm

∑
∀l∈J (bγm,lm ) uγm,l,

6

where ηm,lm = qm,lmHI†1 (j),mpj with j ∈ J (bγm,lm)
according to the SSA in (16). That is, after the filtering, only
the caching messages in bin bγm,lm are retained. Furthermore,
as Section IV-C shows, bγm,lm is selected to be the lmth
row of G̃γm , i.e., g̃γm,lm = bγm,lm . Therefore, rm,lm =∑
∀l∈J (g̃γm,lm ) uγm,l. Given this superimposed signal rm,lm ,

user m carries out the reverse NC operation to decode
wγm,lm = ηm,lm ⊕∀l∈J (g̃γm,lm ) uγm,l, where the equality
holds since wγm,lm = g̃γm,lm⊗u1∼M = ⊕∀l∈J (g̃γm,lm )uγm,l.
We remark that the reverse NC operation theoretically fol-
lows the compute-and-forward system [26]. In practice, the
reverse NC operation can be realized by the modulation-coded
physical-layer network coding scheme with irregular repeat-
accumulate coding and iterative believe propagation decoding
[31]. Let ŵγm be the estimated version of wγm . As (2)
indicates, a decoding error occurs if [wγ1 ,wγ2 , . . . ,wγM ] 6=
[ŵγ1 , ŵγ2 , . . . , ŵγM ]. The decoding error of each user van-
ishes as the length of coding block at each BS goes to large.

Example 1 (Part IV: receiver shaping) The precoding con-
straint matrix and the inverse NC matrix follow (23) and
(26) respectively. To decode w1,1, y1 is projected to the
subspace, perpendicular to that span by {H1,1p1,2, H1,1p1,3}.
To decode w1,2, y1 is projected to the subspace, perpendicular
to that span by {H1,1p1,1,H1,1p1,3}. To decode w1,3, y1

is projected to the subspace, perpendicular to that span by
{H1,1p1,1,H1,1p1,2}. To decode w2,1, y2 is projected to the
subspace, perpendicular to that span by {H1,2p1,2,H1,2p1,3}.
To decode w2,2, y2 is projected to the subspace, perpendicular
to that span by {H1,2p1,1,H1,2p1,3}. �

Example 1 (Part V: reverse NC operation) Consider
that user 1 attempts to recover w1,2. First, the noise-
free received signal at user 1 is y1 = H1,1p1,1u1,1 +
H1,1p1,2u1,2 + H1,1p1,3u1,3 + H2,1p2,1u2,1 + H2,1p2,2u2,2.
After the receiver shaping in Part IV of Example 1, r1,2 =
q1,2y1 = q1,2H1,1p1,2u1,2 + q1,2H2,1p2,1u2,1. Furthermore,
r1,2/η1,2 = u1,2 + u2,1, where η1,2 = q1,2H1,1p1,2 =
q1,2H2,1p2,1. Based on this superimposed signal, user 1
decodes w1,2 = u1,2⊕u2,1 =

(
w1,1⊕w1,2⊕(q−1)⊗w2,1

)
⊕

6For ease of interpretation, we consider a noise-free reception.
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Fig. 4. Achievable dmax of the proposed K ×M wireless caching scheme
under α ≥M/K.(
(q − 1)⊗w1,1 ⊕w2,1

)
. The decoding for other messages in

users 1 and 2 follows similarly. �
Therefore, Parts I-V of Example 1 show that the requests of

users 1 and 2 can be fulfilled by the proposed caching scheme
in the worst-case caching scenario.

V. SUM DOF ANALYSIS

Theorem 3: Consider the worst-case caching scenario. The
proposed wireless caching network can achieve the maximum
sum DoF as

dmax = max
L<∆,L∈Z+

L, (31)

where ∆ = MNRN
MNR−NT and Z+ denotes the set of positive

integers.
Proof: Given a G̃ satisfying (D1)-(D3), by Theorem 2 the

joint precoding matrix P1∼K exists if (22) is satisfied. Then,
the SSA is guaranteed if L < ∆ = MNNR

MNR−NT , ∃L ∈ Z+. Thus,
the proposed scheme can achieve the sum DoF of d = L. To
maximize the d, L should be as large as possible, as long as
L < ∆. Therefore, d reaches to the maxima if (31) is satisfied.

Corollary 3: Following the statement of Theorem 3, the
maximum sum DoF dmax is

dmax = d MNRN

MNR −NT
e − 1 = N + d NTN

MNR −NT
e − 1,

(32)

where dxe denotes the ceiling function that maps x to the
smallest integer larger than or equal to x.

Proof: By Theorem 3, if MNNR
MNR−NT is an integer, then

dmax = MNNR
MNR−NT − 1. If MNNR

MNR−NT is fractional and not
an integer, then dmax = b MNNR

MNR−NT c. To sum up, dmax =

d MNNR
MNR−NT e − 1.
Corollary 4: The maximum sum DoF dmax in (31) changes

as a piecewise step fashion as α = NT /NR varies: dmax =

N + i− 1, α ∈
(

(i−1)M
N+(i−1) ,

iM
N+i

]
, for i = Z+.

Proof: Given that α = NT /NR, we rewrite (31) as
dmax = N−1+d αN

M−αe. It can be verified that d αN
M−αe = i−1

at α = (i−1)M
N+i−1 , i ∈ Z+. As α becomes slightly larger than

(i−1)M
N+i−1 , d αN

M−αe = i and dmax rises to N + i− 1, as long as

α ∈
(

(i−1)M
N+(i−1) ,

iM
N+i

]
.

To illustrate Corollary 4, Fig. 4 shows the achievable sum
DoF of the proposed caching scheme. From this corollary, we
arrive at the following observations:

Observation 4: If α ∈
(
0, M

N+1

]
, dmax = N , which

is the minimum dmax achieved by the proposed wireless
caching network. In this case, each user has sufficient spatial
dimensions as the number of receive antennas rockets up,
leading to a sufficiently large number of bins. As such, the
BSs can transmit L NC caching messages as long as L ≤ N .
�

Consider the symmetric setup with K = M and NT =
NR without coded prefetching, where each BS pre-downloads
the messages without any linear wireless network coding and
deploys the precoder based on interference alignment. The sum
total is NTK/2 for infinite symbol-extension, and could be far
less than NTK/2 for small symbol-extension in practice [25].
The proposed caching network can achieve a higher sum DoF
than the uncoded caching.

Remark 2: The underlying delivery network for the pro-
posed wireless caching is a typical distributed MIMO system.
The DoF upper bound for the distributed MIMO system
is dupper = min{NTK,NRM} [35]. Let us validate the
achievability of the upper bound by the proposed scheme.
On one hand, consider that NTK ≥ NRM . In this case,
dupper = NRM . Theorem 3 verifies that the achievable
DoF of the proposed scheme yields d ≤ dmax = maxL,
and L ≤ NRM according to the statement before (C1)-
(C3). Following Corollary 4, dmax = dupper = NRM if
α ∈

(
M − N

NR
,M − N

NR+1/M

]
. On the other hand, con-

sider that NTK < NRM . In this case, dupper = NTK.
Following Corollary 4, dmax = dupper = NTK if α ∈(
M(1− N

NTK
),M(1− N

NTK+1 )
]
. In this context, one can not

only characterize the achievable DoF under arbitrary caching
network parameters such as {NT ,K,NR,M,L}, but also
configurate the caching network to meet the target DoF as
long as the target DoF is no larger than the upper bound. �

Example 1 (Part VI: achievable dmax) Consider that K =
M = 2 and NT = NR = 3. Let N = max{L1, L2} = 3. In
the worst-case caching, dmax = 5 according to Observation 4.
This achievable dmax is consistent with the analytical results in
Parts I-V of Example 1. In this case, the work in [19] achieves
dmax = 4 (see (39) in [19]). �

Example 2 (Part IV: achievable dmax) Consider that K =
M = 3, NR = 3 and d = 7. Let N = max{L1, L2, L3} = 3.
By Theorem 2, it is required that NT = 6, as illustrated in
Parts I-III of Example 2. Furthermore, given K = M = 3,
NT = 6, NR = 3, and N = 3, the proposed scheme can
achieve dmax = 8 by Theorem 3. One can easily formulate
the NC caching matrix and SSA from the previous sections.
In this case, the work in [19] achieves dmax = 54/7 < 8 (see
d11 in [19]). In addition, we remark that [19] can also achieve
a higher DoF dmax = 9 > 8 (see d02 in [19]) by interference
neutralization, allowing different BSs to share the common
caching messages. However, the proposed scheme does not
rely on the caching share among different BSs, as explained
in Remark 1. �

According to Theorem 3 and Corollary 3, we arrive at the
following upper bounds for achievable rates:
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Corollary 5: Consider that user m requests wm =
[wm,1, . . . , wm,Lm ]T . For the proposed caching scheme, each
relay can recover its NC caching message vector if L ≤
N+d NTN

MNR−NT e−1 in Corollary 3 and the underlying message
rate Rm of wm satisfies

Rm ≤
Lm∑
l=1

min
{k,lk}:gk,lk [I(m,l)]6=0

RNC
k,lk

,

lk ∈ {1, 2, . . . , Lk}, k ∈ {1, 2, . . . ,K}, (33)

where RNC
k,lk

denotes the achievable rate of NC caching mes-
sage uk,lk yielding

RNC
k,lk

< min
m∈{1,...,M}

log2(ρ|qm,lmHk,mpk,lk |2) log2 q,

I(k, lk) ∈ J (bm,lm), (34)

g[·] was defined in (4), qm,lm in (30), J (·) in (10), and pk,lk
associated with the precoding matrix in Section IV-B.

Proof: As stated in Section III-B, L NC caching messages
are encoded by the nested lattice coding design in [24],
where these NC caching messages correspond to L message
sequences that are encoded by L fine nested lattices into
L length-n codewords. In this context, the received signal
in (6) can be treated as that induced by transmission of a
coded and modulated message over a single channel use.
As elaborated in Section IV-D, user m decouples the bins
by the receiver shaping in (30), and carries out the reverse
NC operation to obtain multiple superimposed signals each
containing a linear combination of multiple NC caching mes-
sages. Suppose that uk,lk is involved in user m after the
receiver shaping, i.e., I(k, lk) ∈ J (bm,lm). Finally, each user
employs the lattice decoding to decode its requested messages
according to a common coarse lattice. With reference to
[24], there exists a chain of nested lattice codes such that
the decoding error probability of uk,lk at user m vanishes
as n → ∞ if RNC,m

k,lk
< log2(ρ|qm,lmHk,mpk,lk |2) log2 q,

where ρ|qm,lmHk,mpk,lk |2 denotes the effective SNR. Taking
the minimum of RNC,1

k,lk
, . . . , RNC,M

k,lk
over all M users, the

NC caching message of uk,lk can be reliably computed if
RNC
k,lk

< minm∈{1,...,M}R
NC,m
k,lk

. Here we borrow the compu-
tation rate in Theorem 3 of [24]. However, different from the
rate expression in Theorem 3 of [24], the achievable rate of
each NC caching message in (34) only involves the effective
SNR of uk,lk at user m, i.e., ρ|qm,lmHk,mpk,lk |2. This is due
to the fact that, by the SSA in Section IV, the bin that contains
uk,lk is free of interference from other bins at user m after
the receiver shaping in Section IV-D, and the spatial streams
that fall inside the same bin as uk,lk have the identical signal
space according to (16).

According to the statement of this theorem, user m re-
quests wm = [wm,1, . . . , wm,Lm ]T . W.l.o.g., let us consider
wm,lm . In this case, the indices of NC caching messages
uk,lk , k ∈ {1, . . . ,K}, lk ∈ {1, . . . , Lk} that involve wm,lm
yield {k, lk} : gk,lk [I(m, lm)] 6= 0. From [24], the message
rate of wm,lm yields Rm,lm ≤ min{k,lk}:gk,lk [I(m,lm)]6=0R

NC
k,lk

.
Summing up over lm = 1, . . . , Lm, the achievable rate of wm

is given in (33).

VI. CACHING AT USERS FOR RATE CONSTRAINED
FRONTHAUL

In the wireless caching networks, user devices (such as
mobile phones and laptops) are also installed with the memory
units to prefetch requested contents in the placement phase
[2], [16]–[19]. For the rate constrained fronthaul, BSs cannot
prefecth enough caching messages to serve the requesting
users, and each user cannot prefetch all of its requested
messages due to limited cache size 7. In this case, caching
at users along with insufficient caching at BSs can fulfill the
same user requests as the worst-case caching.

A. Cache Placement Over Rate Constrained Fronthaul

Let C denote the maximum rate supported by the fron-
thaul from central unit to the BSs. Therefore, in the cache
placement phase, all BSs connected to the central unit can
successfully prefetch the NC caching messages (i.e., the error-
free placement) through the fronthaul if

∑K
k=1H(uk) ≤ C,

where H(uk) denotes the information entropy of uk. As in
[25], this paper considers that the capacity of air-interface is
on the same order as that of the fronthaul. Along this line,
the fronthaul capacity is described as C = L log ρ+ ε, where
L is the maximum number of independent data streams of
the fronthaul. Specifically, L is comparable to the DoF of air
interface.

Insufficient Caching at BSs: Consider that the user request
is {γ1, . . . , γM} with a sum DoF d = L. To achieve d =
L, by Theorem 3, each BS k needs to prefetch the Lk NC
caching messages such that L = L1 + L2 + . . . + LK and
each involves the linear combination of w1∼M , referred to the
sufficient caching. Now, consider that the rate constraint on the
fronthaul is L ≤ L. This implies that some BSs fail to prefetch
enough NC caching messages to support d = L. Suppose
that K ′ BSs cannot prefetch enough NC caching messages,
denoted by BSs {1, 2, . . . ,K ′} with K ′ ≤ K, which are called
underloaded BSs. Under the rate constraint, the NC caching
message vector prefetched by each BS k is designed as

uk = [uk,1, uk,2, . . . , uk,L̃k ]T = Gk ⊗w′1∼M , (35)

where w′1∼M = [wT1 . . .wTM ′ wTM ′+1 . . .w
T
M ]T . Note that

wm′ = [wm′,1 . . . wm′,L̃m′ ]
T and L̃m′ ≤ Lm′ , m′ =

1, . . . ,M ′, while wm = [wm,1 . . . wm,Lm ]T , m = M ′ +
1, . . . ,M . From (35), there exist some underloaded BSs
k′ = 1, 2, . . . ,K ′ each with length of NC caching message
vector yielding L̃k′ ≤ Lk′ , since w′1∼M is a subvector of
w1∼M . Meanwhile, BSs k = K ′+1, . . . ,K prefetch sufficient
NC caching messages with the same length as the non-
constraint case, i.e., L̃k = Lk. Due to the rate constraint,∑K′

k′=1 L̃k′ +
∑K
k=K′+1 Lk = L ≤ L.

Caching at Users: In this case, some user requests cannot be
guaranteed due to the insufficient caching messages delivered
from BSs. To address this problem, we allow the users to store

7It is possible to predict future requests of users by smartly exploiting the
statistical traffic patterns and user context information [36]. Moreover, [36]
shows that the peak load of cellular networks can be minimized by proactively
pre-caching desired information to selected users before they actually request
it.
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a subset of their requested messages in their local caches.
Consider the worst-case caching scenario γm = m, ∀m ∈
{1, . . . ,M}. Suppose that only users {1, 2, . . . ,M ′} prefetch
the messages from the central unit as

vm′ = [wγm′ ,L̃m′+1, wγm′ ,L̃m′+2, . . . , wγm′ ,Lm′ ]
T ,

m′ ∈ {1, 2, . . . ,M ′}. (36)

Following the proposed delivery strategy, the BSs deliver the
remaining requested messages that are not included in the
caching messages of all users.

B. Content Delivery Phase With User Caching

Considering the K ′ underloaded BSs with the insufficient
caching messages, the received signal vector at each user in
the content delivery follows (6). The main differences lie in
the NC caching messages broadcasted by the underloaded BSs
and precoding matrices of these BSs.

Precoding Designs: We first go through the SSA enabled
bin design at users. Given the joint bin matrix B1∼M in
Theorem 1, we only need to select the columns of B1∼M
corresponding to the insufficient NC caching messages at all
BSs. Obviously, the new bin matrix B′1∼M still complies
with the design criteria of (C1)-(C3). From (C2), the B′1∼M
differs from B1∼M in the number of bins, since the maximum
number induced by the insufficient caching may be decreased.
Correspondingly, we can examine the existence of the joint
precoding matrix P′1∼K for the rate constrained fronthaul by
Theorem 2.

After the receiver shaping and reverse NC operation, users
m′ can only retrieve L̃m′ messages, m′ = 1, 2, . . .M ′, while
the request of the remaining users M ′+1, . . . ,M are fulfilled
in the same way as the sufficient case. This means that K
BSs can only provide the DoF of L̃m′ for users m′ and the
achievable d = L̃1 + . . . + L̃M ′ + LM ′+1 + . . . + LM ≤ L.
Note that user m′ has already pre-downloaded the remaining
Lm′ − L̃m′ messages directly from the central unit in (36).
Therefore, the user request can be fulfilled by the proposed
caching at users and underloaded BSs, and the same d = L
can be achieved as the scheme without the rate constraint.

It is worthwhile stressing that this subsection follows the
same antenna configuration as the caching scenario without
the rate constraint. In this context, there exist other solutions
of bin matrices and thereby the precoding matrices, since more
dimension are left at each user to align the desired messages
as the cache size of some BSs is reduced. To be consistent,
we construct the bin matrices following Section IV-A.

Example 4 (Insufficient Caching): Consider a rate constraint
with L = 4. This example follows the network configuration
of Example 1. Suppose that {γ1, γ2} = {1, 2}.

Under the rate constraint, BS 1 is underloaded with an
insufficient caching of u1 = [u1,1 u1,2]

T
= G1⊗w′1∼2, while

BS 2 sufficiently stores u2 = [u2,1 u2,2]
T

= G2 ⊗ w′1∼2,
where w′1∼2 = [w1,1 w1,2 w2,1 w2,2]T . Then, BSs 1 and
2 can reliably pre-download these caching messages, since
L1 + L2 = 4 ≤ L. The caching at user 1 is v1 = w1,3.
According to the design criteria of (C1)-(C3), the joint bin

matrix is designed as

B′1∼2 =

[
B′1
B′2

]
=


1 0 0 0
0 1 1 0
0 0 0 1
1 0 1 0
0 1 0 1

 , (37)

where B′1∼2 selects the {1, 2, 4, 5}th columns in B1∼2 of (12).
Note that P1 = [p1,1 p1,2] in this example. Given B′1∼2, the
joint precoding precoding constraint matrix is given by

Γ′1∼2 =

[
Γ1

Γ2

]
=

 0 H1,1 H2,1 0
H1,2 0 H2,2 0

0 H1,2 0 H2,2

 . (38)

Correspondingly, the SSA in bin 2 of user 1 yields
H1,1p2‖H2,1p3 (i.e., H1,1p1,2‖H2,1p2,1), while each of bin-
s 1 and 3 at user 1 contains a single signal vector. In
addition, the SSA in bin 1 of user 2 is H1,2p1‖H2,2p3

(i.e., H1,2p1,1‖H2,2p2,1), and the SSA in bin 2 of user 2
is H1,2p2‖H2,2p4 (i.e., H1,2p1,2‖H2,2p2,2). Therefore, by
Theorem 2, we can find at least one precoding matrix P′1∼2,
since the size of Γ′1∼2 is 9× 12.

By the design criteria of (D1)-(D3), the inverse NC matrix
is given by

G̃1∼2 =

[
G̃1

G̃2

]
=


1 0 0 0
0 1 1 0
1 0 1 0
0 1 0 1

 . (39)

As an inverse matrix of G̃1∼2 over Fq , the joint NC caching
matrix is given by

G1∼2 =

[
G1

G2

]
=


1 0 0 0
1 1 q − 1 0

q − 1 0 1 0
q − 1 q − 1 1 1

 . (40)

After the receiver shaping and reverse NC operation, user 1 can
decode {w1,1, w1,2}, while user 2 can recover w2. Combined
with w1,3 at its cache, user 1 can recover w1.

Remark 3: Ref. [33] proposed an information-theoretic
model of a fog-aided system with fronthaul rate limitation,
consisting of a cloud, M edge nodes, and K users. The zero-
forcing precoding and interference alignment are employed
in the delivery phase. According to Lemmas 2 and 3 in
[33], the achievable DoF for any fronthaul rate constraint
is either KM/(M + K − 1) under a fractional cache size
µ = 1/M by the interference alignment, or min{M,K} under
µ = 1 (all files cached in each edge node) by the zero-
forcing precoding. For example, [33] can achieve the sum
DoF of either 4/3 by the interference alignment or 2 by the
zero-forcing precoding under K = M = 2. As Section VI
elaborates, the proposed caching scheme can achieve the sum
DoF d if the rate constraint yields d ≤ dmax. For example,
the proposed caching scheme can achieve dmax = 5 under
K = M = 2 (see Part VI of Example 1) and dmax = 8 under
K = M = 3 (see Part IV of Example 2).
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Fig. 5. Achievable sum rate of the proposed wireless caching scheme with
K = M = 2 and NT = NR = 3.

VII. NUMERICAL RESULTS

In the section, we provide numerical results to corroborate
the analytical results on the achievable sum DoF d for different
linear NC wireless caching scenarios. To assess the sum DoF,
we adopt the achievable sum rate analysis studied in [24], [25].
We note that the sum DoF corresponds to the scaling factor
of the sum rate as the SNR goes high.

Fig. 5 plots the achievable sum rates of the proposed 2× 2
caching scheme with NT = NR = 3 under Rayleigh fading
channels. We also plot reference rate curves scaling with
d = 4 and d = 5 respectively. According to Part VI of
Example 1, the reference curve with d = 4 denotes the
achievable dmax in [19]. From Remark 3, the reference curves
with d = 4/3 and d = 2 correspond to the achievable
DoFs in [33] by the interference alignment and ZF precoding
respectively. First, we plot the rate curves for the worst-case
caching with different user requests {γ1, γ2} = {1, 2} and
{γ1, γ2} = {2, 1} (see Example 1). It is observed that the
proposed scheme under different user requests can achieve the
sum DoF of 5, consistent with the DoF analysis in Section V.
In addition, it is shown that the achievable sum rates of the
proposed scheme under different {γ1, γ2} are close to each
other. This result further verifies that the joint NC caching
design is compatible with variability of user requests. Second,
we plot the rate curves for the caching under the rate constraint
fronthaul with Lo = 4. To demonstrate Example 4, we observe
that the insufficient caching at BS 1 can achieve the sum DoF
of 4. Following this example, we also plot the rate curve of
the caching with underloaded BS 2 and sufficient caching at
BS 1. In this case, the proposed caching scheme can achieve
the sum DoF of 4. Combined with the caching at users, the
proposed scheme can achieve a sum DoF of 5, consistent with
the analytical results in Section VI.

Fig. 6 plots the achievable sum rates of the proposed 3× 3
caching scheme with NT = 6, NR = 3 under rayleigh
fading channels. Reference rate curves scaling with d = 6
and d = 7 are plotted respectively. First, we demonstrate
the sum DoF for the worst-case caching with different user
requests {γ1, γ2, γ3} = {1, 2, 3} (see Example 2), {2, 3, 1},
and {3, 1, 2}. We observed that the proposed scheme under
different user requests can achieve d = 7 and the rate curves
under different requests are close to each other. Second, we
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Fig. 6. Achievable sum rate of the proposed wireless caching scheme with
K = M = 3 and NT = 6, NR = 3.
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Fig. 7. Achievable sum rate of the proposed wireless caching scheme with
K = M = 3 and NT = 6, NR = 3.

plot the rate curves for the caching under the rate constraint
fronthaul with Lo = 6. Specifically, we consider insufficient
caching at BS 1, 2, and 3 to meet the rate constraint respec-
tively. It is observed that the proposed insufficient caching can
achieve the maximum d = 6 under the rate constraint.

Fig. 7 plots the achievable sum rates of the proposed 3× 3
caching scheme with overlapping user requests. Reference
rate curves scaling with d = 6, 7, 8 are plotted respectively.
First, we observe that the proposed caching scheme for the
overlapping requests {γ1, γ2, γ3} = {1, 2, 2} can achieve
d = 7, consistent with the analytical results in Example 3.
Second, it is shown that the proposed caching scheme for
{γ1, γ2, γ3} = {1, 1, 3} and {2, 2, 3} can achieve the sum DoF
of 8 and 6 respectively. This agrees with the DoF analysis in
Section V.

VIII. CONCLUSION

We have proposed the linear wireless network coding oper-
ated caching network. In the cache placement phase, each BS
stores the NC caching messages as a form of linear wireless
network coding. In the content delivery phase, we designed
the SSA enabled precoding matrix to align the desired NC
caching messages based on the inverse NC matrix. With
the receiver shaping and reverse NC operation, the proposed
scheme can deal with distinct user requests using an invariant
cache placement, without the common caching messages at
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different BSs. Furthermore, the worst-case caching strategy is
amendable to the insufficient caching under a rate constraint
fronthaul. Analytical and numerical results showed that the
proposed scheme achieves a higher sum DoF than the existing
related work.

Several interesting directions follow this work. First, this
paper shows that the linear NC wireless caching is applicable
in C-RAN. It is of interest to generalize the spirit of linear
NC wireless caching into other wireless networks. Second,
consider that each cache-aided user uniformly pre-downloads
the subfiles of each file in the placement phase. To improve
the DoF under limited cache memory, a joint design of linear
wireless wireless network coded caching at the BSs and users
deserves further investigation. Third, normalized delivery time
is used to evaluate the high-SNR latency performance metric in
the wireless caching network. Taking different fronthaul-edge
transmission models into consideration, the characterization
of this metric for the proposed caching scheme deserves our
future study.

APPENDIX

W.l.o.g. suppose that Lγ1 = max
∀γm∈{1,...,K}

Lγm . Then, N =

Lγ1 .
Case 1: Consider that Lγ1 > Lγm , ∀m ∈ {2, . . . ,M}.

W.l.o.g., suppose that Lγ1 > Lγ2 ≥ . . . ≥ LγK . The joint
bin matrix B1∼M ∈ FML1×L

2 is designed as a block-wise
manner:

B1∼M =

 B1,1 B1,2 . . . B1,M
B2,1 B2,2 . . . B2,M

...
...

. . .
...

BM,1 BM,2 . . . BM,M

 , (41)

where Bm,m′ ∈ F
Lγ1×Lγm′
2 denotes the (m,m′)th submatrix

of B1∼M , m,m′ ∈ {1, 2, . . . ,M}. To satisfy (C1), each
submatrix is given by

Bm,m =

[
ILγm0(L1−Lγm )×Lγm

]
,m = 1, 2, . . . ,M, (42)

Bm′,m =

[
01×Lγm ,

ILm
0(L1−Lγm−1)×Lγm

]
,m′ = 1, 2, . . . ,m− 1,

(43)
Bm′′,m = Bm,m, m

′′ = m+ 1, . . . ,M, (44)

where 0a×b denotes an a× b zero matrix.
First, it can be verified that the B1∼M in (41) owns the

properties of (C1) and (C2). Next, we prove that this B1∼M
satisfies (C3), i.e., qfrank(B1∼M ) = L over F2.

Subtracting the i − 1th submatrix-row8 from the ith
submatrix-row of B1∼M in (41), i = M,M − 1, . . . , 2, we
can transform this B1∼M into a submatrix-row echelon form
as follows:

B′1∼M =

 A1 B1,2 . . . B1,M
0 A2 . . . 0
...

...
. . .

...
0 0 . . . AM

 , (45)

8By the ith submatrix-row, we mean the ith row formed by the submatrices
{Bi,1, . . . ,Bi,M} in (41).

where A1 = B1,1 and Am = Bm,m − Bm−1,m =[
Υm

0(Lγ1−Lγm−1)×Lγm

]
, m = 2, . . . ,M , with a (Lγm + 1)×

Lγm Toeplitz matrix yielding

Υm =


1 0 0 . . . 0
1 1 0 . . . 0
...

...
. . . . . .

...
0 0 . . . 1 1
0 0 . . . 0 1

 . (46)

Note that the Toeplitz matrix in (46) has the full rank of Lγm .
Now, it is evident that B′1∼M has the full rank over F2, since
each submatrix in the diagonal has the full rank of Lγm over
F2.

Therefore, B1∼M in (41) has the full rank of L, consistent
with (C3).

Case 2: There exists at least one Lγk such that Lγ1 = Lγk ,
∃k ∈ {2, . . . ,K}. W.l.o.g., suppose that Lγ1 = Lγ2 ≥
. . . ≥ LγK . In this case, N = Lγ1 = Lγ2 . We prove
that it is not possible to design a joint bin matrix B1∼M
satisfying (C1)-(C3). Let us focus on the first 2L1γ1 columns
of B1∼M . To fulfill (C1), it can be verified that the 1st ∼ L1th
columns of B1∼M (i.e., the 1st submatrix-column) is linearly
dependent on the L1 + 1th ∼ 2L1th columns B1∼M (i.e., the
2nd submatrix-column) over F2. As a result, B1∼M is rank
deficient over F2, contradicting with (C3).
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