
2814 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 67, NO. 3, MARCH 2018

A Cramer–Rao Lower Bound of CSI-Based
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Abstract—Due to robustness against multipath effect, frequency domain
CSI (Channel State Information) of OFDM (Orthogonal Frequency Divi-
sion Multiplexing) systems is supposed to provide good ranging measure-
ment for indoor localization. Since lower bound of positioning error for
CSI-based localization has been rarely reported, this paper proposes a
Cramer–Rao lower bound (CRLB) for CSI-based localization. This CRLB
is derived based on indoor wireless propagation model integrating both
shadowing effect and multipath effect. The main factors that can influence
the CRLB are analyzed. Through simulations and analysis, the gap between
CSI-based localization error and the proposed CRLB is presented, and the
influence by three main factors is thoroughly investigated.

Index Terms—Channel state information, orthogonal frequency division
multiplexing, indoor localization, Cramer–Rao lower bound.

I. INTRODUCTION

Localization is one important module in a wide range of wire-
less applications such as indoor navigation, surveillance and mobile
crowd-sensing [1]–[4]. Although Global Positioning System (GPS) is
a popular outdoor localization technique, it does not perform well in
indoor environment because satellite signals can hardly penetrate con-
crete walls and roofs [5], [6]. Moreover, GPS has additional hardware
cost and consumes more energy. Therefore, GPS-free techniques are
required for indoor localization.

A large number of indoor localization methods have been proposed
these years. They can be divided into two categories: range-based and
range-free. Rather than range-free methods, range-based ones are usu-
ally preferred because of their better accuracy. This is achieved through
distance (or direction) ranging measurement between target mobile de-
vice and each anchor. Traditional ranging measurements include RSS
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(Received Signal Strength), TOA (Time of Arrival), TDOA (Time Dif-
ference of Arrival) and AOA (Angle of Arrival).

CSI (Channel State Information) of OFDM (Orthogonal Frequency
Division Multiplexing) systems provides a new low-cost ranging mea-
surement [7]. Due to high frequency efficiency and robustness against
multi-path effect [8], OFDM has been widely used in broadband
wireless communication systems such as LTE (Long Term Evolu-
tion) and WiFi (Wireless Fidelity). The recent WiFi standards IEEE
802.11a/g/n/ac all support OFDM. With the vast use of OFDM, the
frequency-domain CSI can be obtained without additional hardware
[9]. Thus the hardware cost of CSI-based localization can be as low
as RSS-based method. Furthermore, less influenced by multi-path ef-
fect, the stability of CSI is much better than RSS [8], [10]. There-
fore CSI-based localization is supposed to achieve good accuracy with
low cost.

CSI-based localization was first proposed by Wu et al. [7]. The
authors proposed two ways to exploit CSI to fulfill localization. One
is to use CSI to estimate distance through propagation model, while
the other is to find the matched position in a CSI-based fingerprint-
ing system. In this paper we mainly focus on the former way, i.e.,
CSI-based localization through propagation model. Although several
new algorithms such as PhaseU [11] and PhaseFi [12] were pro-
posed to improve the original CSI-based localization, to the best of
our knowledge, research on lower bound of CSI-based localization er-
ror has not been reported. Thus the main contributions of this paper
include:

1) A Cramer-Rao lower bound (CRLB) on CSI-based localization
error has been derived. This lower bound provides a reference
on the best accuracy that the most accurate CSI-based local-
ization method could achieve or approach. To the best of our
knowledge, this is the first paper about CRLB on CSI-based lo-
calization. Since shadowing and multi-path fading are two main
error resources for CSI-based localization, they are both taken
into consideration for the derivation of CRLB.

2) Through simulations and analysis, the influence by some main
factors (such as the bandwidth, the number of anchors and the
shadowing effect) is thoroughly investigated for both CSI-based
localization error and the proposed CRLB.

The remainder of this paper is organized as follows. The system
model is introduced in Section II. We derive a Cramer-Rao lower bound
in Section III. Simulation and analysis are presented in Section IV.
Section V concludes this paper.

II. SYSTEM MODEL

A. Wireless Propagation Model

In wireless communication, the attenuation of signal strength
through a radio channel is mainly caused by three factors: path loss,
shadowing and multipath fading [13]. To characterize multipath prop-
agation, the wireless channel can be modeled as a temporal linear
filter, known as Channel Impulse Response (CIR). Under the time-
invariant assumption [9], CIR (without consideration of noise) can be
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denoted as:

h(t) =
M∑

m= 0

αm e
−j θm δ(t− τm ) (1)

where δ(t) is the Dirac delta function. In total there are M + 1 paths
including one Line of Sight (LOS) path and M NLOS paths. αm ,
θm , and τm represent the amplitude, phase, and delay of the m-th
path respectively, while α0 denotes the attenuation amplitude of the
LOS path. Since the attenuation of signal strength along the LOS
path is mainly caused by path loss and shadowing [13], α0 can be
expressed as:

α0 =
λ
√
GtGr

(4πd0)n /2
A0 (2)

where λ is the wavelength of the transmitted signal, Gr and Gt are
respectively the antenna gains at the receiver and transmitter, d0 de-
notes the distance of the LOS path, n is the environmental attenuation
factor, andA0 represents the attenuation of signal amplitude caused by
shadowing.

The NLOS paths originate from radio reflection and refraction. Dur-
ing each reflection or refraction, only partial energy of the signal is
transmitted [14], which can be measured by a reflection/refraction
coefficient ε. Therefore, base on (2), with the reflection/refraction co-
efficient, the amplitude of the m-th path αm can be expressed as

αm =
λ
√
GtGr

(4πdm )n /2
Am ε

lm (3)

where the reflection/refraction coefficient ε ∈ (0, 1). The number of
reflections (or refractions) along the m-th path is lm and each re-
flection/refraction is assumed to have the same coefficient. dm is the
distance of the m-th NLOS path. Am denotes the attenuation of sig-
nal amplitude caused by shadowing along the m-th path. Therefore,
based on the (1)–(3), a simplified wireless propagation model is built,
integrating the effects of path loss, shadowing and multi-path.

B. CSI-Based Localization Model

In OFDM systems, CSI represents the measurement of the am-
plitudes and phases of channel frequency response (CFR) on each
subcarrier. Thus each CSI can be expressed as:

H(fk ) = |H(fk )|ej θk (4)

where H(fk ) is the CSI at the subcarrier of central frequency fk ,
|H(fk )| is the amplitude, and θk is the phase. A set of CSIs {H(fk )
(k = 1, . . . , K)} represent K sampled CFRs.

Rather than directly use these CSIs, the original CSI-based local-
ization method [7] first converts the CSIs into time domain by Inverse
Fast Fourier Transform (IFFT), obtains the samples of channel impulse
response (CIR), then uses a threshold-based method to filter the CIRs
containing the LOS path (if exists) and the shortest NLOS path (the
shortest reflection path with the smallest time delay). The filtered CIRs
are once again converted into frequency domain by Fast Fourier Trans-
form (FFT), thus a new set of filtered CSIs denoted as H̃(fk ) (k = 1,
. . . , K) can be obtained. In order to compensate frequency-selective
fading, the amplitude of the new set of CSIs is combined through
weighted averaging. The combination result named as the effective
CSI is calculated as

CSIeff =
1
K

K∑

k= 1

fk
fc

|H̃(fk )| (5)

where fc is the central frequency of the whole band.
By revising the free space propagation model, the distance between

mobile device and one anchor is estimated as

d =
1

4π

[(
c

fc × CSIeff

)2

× σ

] 1
n

(6)

where c is the radio velocity, n is the path loss attenuation factor,
and σ is the environment factor. In fact, both n and σ depend on in-
door environments. These two parameters are retrieved for each anchor
through a simple supervised learning method. Finally, with the esti-
mated distances to all anchors, mobile device can calculate its position
by multi-lateration.

III. A CRAMER-RAO LOWER BOUND ON LOCATION ERROR OF

CSI-BASED LOCALIZATION

First, CSI can be derived based on the wireless channel propagation
model given in section II.A. Since CFR can be obtained through the
Fourier transform of channel impulse response, the CFR corresponding
to (1) is

H(ω) = FourierTransform[h(t)] =
M∑

m= 0

αm · e−j (ω τm + θm ) (7)

Substituting e−j (ω τm + θm ) with cos(ωτm + θm ) − j sin(ωτm +
θm ), we can express CSI as

H(fk ) =
M∑

m= 0

αm cosφm − j
M∑

m= 0

αm sin φm (8)

where φm = 2πfk τm + θm , and k ∈ {1, ..., K} if the whole band of
OFDM system is divided into K subcarriers (normally K is an even
number).

The original CSI-based localization needs to convert the CSIs into
a new set of filtered CSIs. This new set of CSIs denoted as H̃(fk )
has similar expression asH(fk ) in (8). The difference between H̃(fk )
and H(fk ) lies on the number of multi-path components. If the num-
ber of NLOS paths for H̃(fk ) is denoted as M , then H̃(fk ) can be
expressed as

H̃(fk ) =
M∑

m= 0

αm cosφm − j

M∑

m= 0

αm sin φm (9)

Theoretically if the time resolution of the system is so high that
the LOS path or the shortest NLOS path can be distinguished, M
could be as small as 0 or 1. However, as mentioned in [7], due to the
limited bandwidth of WLAN, the time resolution is limited, and it is
impossible to distinguish all the reflection paths. Instead, with limited
time resolution, clusters of reflection paths can be distinguished. The
original CSI-based localization method filters the first cluster of CIR,
because the first cluster is supposed to contain the LOS path or the
shortest NLOS path. Therefore M equals to the number of reflection
paths in the first cluster.

Authorized licensed use limited to: NANJING UNIVERSITY OF SCIENCE AND TECHNOLOGY. Downloaded on January 12,2021 at 02:06:31 UTC from IEEE Xplore.  Restrictions apply. 



2816 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 67, NO. 3, MARCH 2018

Then based on (5), the effective CSI can be calculated

CSIeff =
1
K

K∑

k= 1

fk
fc

⎛

⎝

⎛

⎝
M∑

m= 0

αm cos (2πfk τm + θm )

⎞

⎠
2

+

⎛

⎝
M∑

m= 0

αm sin (2πfk τm + θm )

⎞

⎠
2⎞

⎠

1
2

(10)

Though some accuracy is sacrificed, the square of CSIef f can be
approximated by a weighted sum of square expressions:

CSI2
eff ≈

K∑

k= 1

fk
Kfc

⎛

⎝

⎛

⎝
M∑

m= 0

αm cos (2πfk τm + θm )

⎞

⎠
2

+

⎛

⎝
M∑

m= 0

αm sin (2πfk τm + θm )

⎞

⎠
2⎞

⎠ (11)

According to the analysis in [15], when lm is more than 1, the radio
along the m-th path is reflected (or refracted) multiple times, then
εlm becomes very small. Besides, multiple reflections or refractions
always significantly increase the distance of the m-th path. Thus the
signal received from them-th path has minimal contribution to the total
received power. Therefore lm can be limited to 1.

Since α0 and αm (m > 0) have different expressions as shown
respectively in (2) and (3), all the amplitudes in (11) can be separated
to α0 and αm (m > 0). Besides, θm equals to 2πfk τm [13], while
dm equals to c(τm − τ0) + d0. Therefore, based on (2) and (3), if
the antenna gains Gt and Gr are assumed to be 1, (11) can further
expand as

CSI2eff =
c2

fc
2(4πd0)n

K∑

k= 1

fk
Kfc

⎧
⎨

⎩A
2
0 +

M∑

m= 1

A2
m ε

2

(
1 + c (τm −τ 0)

d0

)n

+
M∑

m= 1

2A0Am ε cos [4πfk (τm −τ0)]
(

1 + c (τm −τ 0)
d0

)n /2

+
M −1∑

m= 1

M∑

p=m+ 1

2AmAp ε
2 cos [4πfk (τm − τp )]((

1 + c (τm−τ 0)
d0

) (
1+ c(τ p−τ 0)

d0

))
n /2

⎫
⎬

⎭ (12)

From the comparison between (12) and (6), it can be found that
(6) could be derived from (12) with the requirement of the following
two assumptions. The first assumption is that multi-path effects could
be completely mitigated. With this assumption, the number of NLOS
paths becomes 0. The second assumption is that A2

0 equals to the
environment factorσ. In fact, the relation between these two parameters
was mentioned in [7], as the power loss due to shadowing was included
in the environment parameter σ. However, it should be noted that
in practice, rather than the shadowing effect along the path between
mobile device and each anchor, it is the shadowing power loss between
anchors that is included in σ, because σ is estimated in offline phase
by using training data along the path between the anchors [7].

The effective CSI calculated in (12) refers to the channel status
between mobile device and one anchor. The subscript i used to denote

the i-th anchor, (12) can be written as

CSI2eff , i =
c2σ

fc
2(4πd0, i)n

K∑

k= 1

fk
Kfc

⎧
⎨

⎩
A2

0, i

σ
+

M∑

m= 1

A2
m ,i ε

2

σ
(

1 + c (τm , i −τ 0, i )
d0, i

)n

+
M∑

m= 1

2A0, iAm ,i ε cos [4πfk (τm ,i−τ0, i )]

σ
(

1 + c (τm , i −τ 0, i )
d0, i

)n /2

+
M −1∑

m= 1

M∑

p=m+ 1

2Am ,iAp,i ε
2 cos [4πfk (τm ,i − τp ,i )]

σ
((

1 + c (τm , i−τ 0, i)
d0, i

) (
1+ c(τ p , i−τ 0, i)

d0, i

))
n /2

⎫
⎬

⎭

(13)

The logarithm form of (13) can be expressed as

vi = L(d0, i ) + ηi (14)

where

vi = lnCSI2
eff , i (15)

L(d0, i ) = ln
c2σ

fc
2(4πd0, i )n

(16)

and

ηi = ln

⎧
⎨

⎩
A2

0, i

σ
+

M∑

m= 1

A2
m ,i ε

2

σ
(

1 + c (τm , i −τ 0, i )
d0, i

)n

+
K∑

k= 1

M∑

m= 1

2fkA0, iAm ,i ε cos [4πfk (τm ,i−τ0, i )]

Kfcσ
(

1 + c (τm , i −τ 0, i )
d0, i

)n /2

+
K∑

k= 1

M −1∑

m= 1

M∑

p=m+ 1

2fkAm ,iAp ,i ε
2 cos [4πfk (τm ,i − τp ,i )]

Kfcσ
((

1 + c (τm , i−τ 0, i)
d0, i

) (
1+ c(τ p , i−τ 0, i)

d0, i

))
n /2

⎫
⎬

⎭

(17)

From (14), it can be observed that the measured effective CSI is
a combination of CSI-ranging model as (6) and a random variable
ηi . Since (6) is the basic ranging model for the original CSI-based
localization, ηi can be regarded as measurement noise. Here ηi is a
random variable because both the shadowing-related power loss Am ,i

and the NLOS-path propagation delay τm ,i are random variables.
If the unknown position of mobile device and the position of the

i-th anchor are denoted as ψ = (x, y)T and ψi = (xi , yi )T respec-
tively, then the LOS distance between the mobile device and the i-th
anchor can be calculated as d0, i =

√
(ψ − ψi )T (ψ − ψi ). Since d0, i

is a function of ψ, L(d0, i ) can also be expressed as a function of ψ,
i.e., Li (ψ). Then we can turn (14) into

ηi = vi − L(d0, i ) (18)

If ηi is assumed as a normal random variable with mean 0 and
variance σ2

η i
, then the probability density function (PDF) of vi is

fv (vi ;ψ) =
1√

2πση i
exp
(−(vi − Li (ψ)

)2

2σ2
η i

)
(19)

Let v = (v1, v2, ..., vN a ) denote the vector of effective CSIs mea-
sured at mobile device for all anchors. The number of anchors is Na .
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It is assumed that the elements in the vector v are independent and
identically distributed. Then, we have the logarithm of the joint PDF
ln fv (v;ψ) as

ln fv (v;ψ) = −
N a∑

i= 1

1
2σ2

η i

(
vi − Li (ψ)

)2

+
N a∑

i= 1

ln
1√

2πση i
(20)

The Fisher information matrix (FIM) [16] is given by

[F (ψ)]k l = −E
[
∂2 ln fv (v;ψ)
∂ψk ∂ψl

]
(21)

Then the Cramer-Rao lower bound (CRLB) of mean square error of
ψ can be calculated as

CRLB=
[F (ψ)]11+[F (ψ)]22

[F (ψ)]11[F (ψ)]22−[F (ψ)]212

(22)

where

[F (ψ)]11 ==
N a∑

i= 1

1
σ2
η i

(
n(x− xi )

d2
0, i

)2

(23)

[F (ψ)]22 =
N a∑

i= 1

1
σ2
η i

(
n(y − yi )
d2

0, i

)2

(24)

[F (ψ)]12 =
N a∑

i= 1

1
σ2
η i

(
n2(x− xi )(y − yi )

d4
0, i

)
(25)

From the derivation result of CRLB, it can be observed that lower
bound of CSI-based localization error is mainly influenced by σ2

η i
and

d0, i . Since σ2
η i

is the variance of ηi which is the measurement noise of
effective CSI between mobile device and each anchor, those factors in
the expression of ηi in (17) can also have impact on the derived CRLB.
Therefore, the CRLB of CSI-based localization error can be influenced
by multiple factors such as the distance to each anchor, the number
of subcarriers, the frequencies of subcarriers, the path loss attenuation
factor n, the shadowing effect and multi-path effect. Specifically, the
factor related to shadowing effect can be represented by σ2

s which is the
variance of power attenuation due to shadowing. The factors related to
multi-path effect include the number of NLOS paths M , the delay of
each path τm ,i and the reflection/refraction coefficient ε.

IV. SIMULATION AND ANALYSIS

In this section, using MATLAB we simulate the original CSI-based
localization method and compare its accuracy with the proposed CRLB.
The scenario is set inside a 10 m × 10 m indoor office. The indoor radio
propagation model used in the simulation has been introduced in the
Section II-B, integrating shadowing effect and multi-path effect. The
main parameters in the simulation are listed in Table I.

We consider three main factors that can influence CSI-localization
error, i.e., the number of anchors (Na ), the bandwidth and the variance
of power-loss due to shadowing (σ2

s ). When observing how location
error behaves with the change of one particular factor, we fix all other
factors as their default values, then run the simulation as many as 5000
times. Each time the target mobile device is randomly deployed, while
the anchors locate on the borders sparsely.

As shown in Fig. 1, CSI-based localization error is compared with
the root of average CRLB under different number of anchors. For the

TABLE I
MAIN PARAMETERS IN THE SIMULATION

Parameter Value

Na range from 3 to 8; default value is 3.
n range from 2 to 5; default value is 2.
σs

2 range from 1 to 5; default 5.
M 50
d0, i (m) random between 1 and 15
distance of NLOS path (m) random between 1.2d0, i and 20
ε 0.3
K 64, 128, 256, 512 or 1024; default 64.
Bandwidth (MHz) 20, 40, 80, 160 or 320; default 20.
modulation scheme 16QAM
the center frequency fc 5 GHz (as in IEEE 802.11a)

Fig. 1. Comparison under different number of anchors.

convenience of observation, the scale of y-axis is set to be logarith-
mic. In Fig. 1, it can be observed that when the number of anchors
increases, the location error of CSI-based localization decreases as
well as the proposed CRLB. The reason is that more positioning in-
formation can be obtained when more anchors join to help localize
the target device. It can also be observed that under the same number
of anchors, the root of CRLB is much smaller than the CSI-based lo-
calization error. One main reason for this gap lies on the estimation
bias of path loss attenuation factor n and environment factor σ in (6).
Theoretically, these two parameters should be estimated based on the
radio propagation environment along the path between target device
and each anchor. However, in practice this cannot be fulfilled because
the position of target device is to be decided. Alternatively these two
parameters are estimated at offline stage along the path between an-
chors. This brings estimation error into n and σ. Then at online stage
this error passed through (6) and becomes one main source error for
CSI-based localization.

Under different bandwidth, the CSI-based localization error is com-
pared with the root of proposed CRLB as shown in Fig. 2. In the
simulation, since the bandwidth of each subcarrier is fixed, the change
of whole bandwidth is equivalent to the change of the number of sub-
carriers. In Fig. 2, when the bandwidth gets larger, the location error
obviously becomes smaller. The reason is that with larger bandwidth,
the time resolution becomes higher, then more multi-path components
are filtered out in the effective CSI. In Fig. 2, it can also be observed that
when the bandwidth increases, the change of the proposed CRLB is not
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Fig. 2. Comparison under different bandwidth.

Fig. 3. Comparison under different variance of power attenuation due to
shadowing.

so significant as that of the location error. It indicates that increasing
the bandwidth could be an effective way to narrow the gap between
location error and the CRLB.

As shown in Fig. 3, CSI-based localization error is compared with the
root of proposed CRLB under different variance of shadowing-related
power attenuation. It can be observed that as the varianceσ2

s gets bigger,
the location error of CSI-based localization becomes larger as well as
the proposed CRLB. The reason is the influence of shadowing effect. A
bigger variance σ2

s indicates a stronger shadowing effect which brings
larger fluctuation to the effective CSI.

V. CONCLUSION

This paper proposes a Cramer-Rao lower bound on positioning er-
ror of CSI-based indoor localization. This CRLB is derived based on
indoor wireless propagation model integrating both shadowing effect
and multi-path effect. The derivation result shows that the CRLB on
CSI-based localization error can be influenced by multiple factors such
as the distance between target device and each anchor, the number and

frequencies of subcarriers, the path loss attenuation factor, the shad-
owing effect and multi-path effect. Specifically, the factors related to
multi-path effect include the number of NLOS paths, the delay of each
path and the reflection/refraction coefficient, while the factor related
to shadowing effect is represented by the variance of power attenua-
tion due to shadowing. Through simulations and analysis, CSI-based
localization error and the proposed CRLB are compared, and the in-
fluence by three main factors has been investigated. Simulation results
show that both CSI-based localization error and the proposed CRLB
decrease with more anchors, larger bandwidth or smaller variance of
shadowing-related power attenuation. It is also observed that increasing
the bandwidth could be a practical method to narrow the gap between
location error and CRLB.
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