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Over Frequency-Domain LS One in Full-Duplex
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Abstract—In this paper, we make an investigation on the sum-
mean-square-error (Sum-MSE) performance gain in full-duplex
orthogonal frequency-division multiplexing (OFDM) systems
in the presence of colored interference-plus-noise (IPN). This
gain is defined as the ratio of Sum-MSE of frequency-domain
least-square (LS) channel estimator to that of DFT-based LS one.
The closed-form formula of the gain is derived. And, its simple
upper and lower bounds are given using inequalities of matrix
eigenvalues. The exact value of Sum-MSE gain depends heavily
on the correlation factor of the IPN covariance matrix. More
importantly, we also find that the Sum-MSE performance gain
grows from 1 to N/L as the correlation factor gradually decreases
from 1 to 0, where N and L denote the number of total subcarrier
and the length of cyclic prefix, respectively. Also, via theoretical
analysis, the exact Sum-MSE gain degenerates into 1 and N/L
in two extreme scenarios: fully-correlated and white, respectively.
The former 1 means there is no performance gain, while the latter
N/L corresponds to the maximum Sum-MSE performance gain
achievable. Numerical simulation further validates the above
results. Additionally, the derived lower bound is shown to be closer
to the exact value of Sum-MSE gain compared to the upper bound.

Index Terms—Channel estimation, full duplex (FD), least
squares (LSs), orthogonal frequency-division multiplexing
(OFDM), sum-MSE performance gain, upper/lower bound.
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I. INTRODUCTION

IN THE recent decade, full-duplex (FD) technique has be-
come a hot research field in wireless communications, satel-

lite communications, and mobile networks [1]–[5]. Compared
to time-division-duplex (TDD) and frequency-division-duplex
(FDD) techniques, FD has the potential to double data transmis-
sion rate by simultaneously transmitting and receiving signals
over the same frequency band and time slot [6]–[10]. The major
problem concerning FD is that the weak fading received signal
is severely interfered by the strong FD self-interference (SI)
[9]–[11]. In [12], the SI cancellation schemes are divided into
three categories: propagation-domain, analog-circuit-domain,
and digital-domain methods. In such a system, the high-
performance channel estimator becomes extremely important
in order to dramatically reduce the effect of SI [13]–[15].

Channel estimation has been extensively investigated in
conventional TDD/FDD mode [16]–[18]. In general, the mean
square error (MSE) is adopted as a performance metric for
estimators [19]. For linear systems, several typical estimation
schemes, such as minimum MSE (MMSE) estimator [19],
Kalman filter [20], recursive least-square (LS) estimator [21],
have been used to attain channel state information. Particle filter
and sequential Monte Carlo methods are commonly applied
to track channel parameters in nonlinear or dynamic systems
[22]–[25]. Pilot sequences are very important for data-assisted
estimators, and various literature have discussed the problems
of pilot design and arrangement [26]–[28].

However, due to the existence of FD SI in FD systems, channel
estimation and pilot optimization become a challenging problem
and should be restudied. A digitally assisted analog channel es-
timator is designed to estimate SI channel for in-band FD radios
[29]. Based on the expectation maximization method, authors
in [30] propose a blind channel estimator to do simultaneous
estimation for SI and intended channels in FD wireless systems.
Using the maximum-likelihood criterion, the SI and intended
channels are jointly estimated with the known transmitted sym-
bols from itself and the pilot symbols from intended transceiver
[31]. Besides, an iterative procedure is constructed to further
enhance the estimation performance in the high signal-to-noise
ratio region [32]. To exploit and measure the sparsity of SI
channel and intended channel, authors in [33] propose a time-
domain LS (TD-LS) channel estimator realized by adaptive
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orthogonal matching pursuit scheme. In FD orthogonal
frequency-division multiplexing (OFDM) systems with IQ im-
balances, two channel estimators, frequency-domain and DFT-
based LS, are presented. Subsequently, the corresponding op-
timal pilot product matrix is proved to be an identity matrix
multiplied by a constant [34]. Also, the Sum-MSE performance
gain of the DFT-based LS channel estimator over the frequency-
domain one is derived to be N/L in white Gaussian noise sce-
nario, where N is the total number of subcarriers and L is the
length of cyclic prefix (CP).

How about the Sum-MSE performance gain in the colored
interference/noise scenarios? Is it still equal to N/L? We will
focus on the aspect research and make our effort to address this
problem, our main contributions are summarized as follows.

1) In FD OFDM systems with colored interference-plus-
noise (IPN), the optimal pilot pattern of minimizing
the Sum-MSE per subcarrier is proposed and derived
for frequency-domain LS (FD-LS) channel estimator.
First, we combine the pilot symbols from source and
destination nodes into a pilot matrix as the optimization
variable. Then, an optimization problem is established to
minimize the sum of MSEs of SI and intended channel
per subcarrier, which is subject to two constraints of
transmit powers at both source and destination nodes. By
using the inverse matrix trace inequality in matrix theory,
the column vectors of the optimal pilot matrix are proved
to be orthogonal to each other.

2) We derive and analyze the Sum-MSE performance gain
achieved by the DFT-based LS channel estimator over
the FD-LS estimator in FD OFDM systems. The exact
expression of Sum-MSE performance gain is defined as
the Sum-MSE ratio of FD-LS channel estimator to DFT-
based one. Due to the complex form of this gain, its sim-
ple lower bound and upper bounds are also proved to
simplify the performance analysis and discussion in our
simulation part by making use of eigenvalue inequalities
in matrix theory. Additionally, the derived lower bound
is tighter than the upper bound in several typical extreme
scenarios.

3) From simulation results and analysis, we also find several
important facts: a) In general, the DFT-based LS chan-
nel estimator is better than or equal to the FD-LS one
in terms of Sum-MSE performance. b) As colored IPN
goes white, the Sum-MSE performance gain increases up
to N/L, which is the achievable maximum gain value.
c) As the colored IPN tends to be fully-correlated, the
Sum-MSE performance gain approaches one, i.e., no gain.
In other words, the FD-LS can achieve the same Sum-
MSE performance as DFT-based LS in the fully-correlated
case.

The remainder is organized as follows. The FD system model
is described in Section II. In Section III, the FD-LS estimator
is adopted to estimate both intended and SI channels, and the
corresponding optimal pilot matrix is derived. In Section IV,
the Sum-MSE performance gain of the DFT-based channel es-
timator over the FD-LS one is defined, and its upper bound and
lower bounds are derived. Simulation results and discussions

Fig. 1. Schematic diagram of FD OFDM system model.

are presented in Section V. Finally, Section VI concludes this
whole paper.

Notations: Throughout the paper, matrices and vectors are
denoted by letters of bold upper case and bold lower case, re-
spectively. Signs (•)H , (•)∗, (•)T , (•)−1 , tr(•), ‖ • ‖F , and
det(•) denote matrix conjugate transpose, conjugate, transpose,
inverse, trace, norm-2, and determinant, respectively. The no-
tation E{•} refers to the expectation operation. The symbol In

denotes the n × n identity matrix. 0n×m denotes an all-zero
matrix of size n × m.

II. SYSTEM MODEL

Fig. 1 sketches the schematic diagram of a point-to-point FD
OFDM system. Here, the destination node is used as a reference.
The received vector at destination node is composed of three
parts: the signal from source node via intended channel HSD,
the signal from local transmitter via SI channel HDD, and the
cochannel interference (CCI) from other nodes. Both channels
from source to destination (S2D) and destination to destination
(D2D) are assumed to be time-invariant during each frame,
where each frame consists of NF OFDM symbols, but vary
from one frame to another one. Here, each frame consists of
NP pilot OFDM symbols and ND data OFDM symbols, which
is shown in Fig. 1. Usually, in a practical system, ND is taken to
be far larger than NP to achieve a high spectrum-efficiency. In
Fig. 1, a typical block-type pilot pattern is adopted to estimate
both D2D and S2D channels.

Similar to [35], the ideal channel frequency responses
(CFR) has the following relationship with its channel impulse
responses (CIR):

HSD = FN ×N

(
hSD

0(N −L)×1

)
= FN ×LhSD (1)
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and

HDD = FN ×N

(
hDD

0(N −L)×1

)
= FN ×LhDD (2)

where hSD and hDD are the S2D and D2D CIRs defined by

hSD = [hSD(1)hSD(2) . . . hSD(L)]T (3)

and

hDD = [hDD(1)hDD(2) . . . hDD(L)]T (4)

respectively. N is the total number of subcarriers, L is the
length of the CP, and FN ×N is the normalized discrete Fourier
transform matrix as

FN ×N =
1√
N

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1

1 W 1 · · · WN −1

...
...

. . .
...

1 WN −1 · · · W (N −1)(N −1)

⎞
⎟⎟⎟⎟⎟⎠ (5)

with W = e−j 2 π
N .

The transmit vectors corresponding to the nth OFDM symbol
from source and destination are denoted by

xS (n, :) = (xS (n, 1)xS (n, 2) . . . xS (n,N))T (6)

and

xD (n, :) = (xD (n, 1)xD (n, 2) . . . xD (n,N))T (7)

with average power limits PS and PD per subcarrier, respec-
tively. After experiencing multipath channel HSD and HDD, the
nth received OFDM symbol at destination node is given by

y(n, :) = diag{xS (n, :)}HSD + diag{xD (n, :)}HDD

+ wcci(n, :) + wn (n, :)

=
(

diag{xS (n, :)} diag{xD (n, :)} )
(

HSD

HDD

)

+ wcci(n, :) + wn (n, :), (8)

where wcci(n, :) denotes the CCI vector and wn (n, :) is the noise
vector in frequency domain. For convenience of the following
derivation and analysis, the sum of CCI and additive noise vector
will be viewed as the new colored IPN vector as follows:

w(n, :) = wcci(n, :) + wn (n, :) (9)

where the above IPN vector is assumed to be independent along
time direction n [36].

Obviously, (8) is an under-determined linear equation. Thus,
at least two pilot OFDM symbols, NP ≥ 2, are required for
source node and destination node to estimate both HSD and

HDD, which is expressed as follows:⎛
⎜⎜⎜⎜⎜⎝

y(n, :)

y(n + 1, :)

...

y(n + NP − 1, :)

⎞
⎟⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎝

diag{xS (n, :)} diag{xD (n, :)}
diag{xS (n + 1, :)} diag{xD (n + 1, :)}

...
...

diag{xS (n + NP − 1, :)} diag{xD (n + NP − 1, :)}

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎝HSD

HDD

⎞
⎠+

⎛
⎜⎜⎜⎜⎜⎜⎝

w(n, :)

w(n + 1, :)

...

w(n + NP − 1, :)

⎞
⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
w̃

. (10)

If the above IPN vector w̃ is colored, and its correlation func-
tion along time and frequency are assumed to be independent,
the covariance matrix of colored IPN vector has the following
form:

Rcci = E{w̃w̃H
}

= Rt ⊗ Rw (11)

where matrix Rw denotes the N × N frequency-domain
covariance matrix given by

Rw =

⎛
⎜⎜⎜⎝

rw (0) rw (−1) · · · rw (1 − N)
rw (1) rw (0) · · · rw (2 − N)

...
...

. . .
...

rw (N − 1) rw (N − 2) · · · rw (0)

⎞
⎟⎟⎟⎠
(12)

and matrix Rt denotes the NP × NP time-direction covariance
matrix given by

Rt =

⎛
⎜⎜⎜⎜⎜⎝

rt(0) rt(−1) · · · rt(1 − NP )

rt(1) rt(0) · · · rt(2 − NP )

...
...

. . .
...

rt(NP − 1) rt(NP − 2) · · · rt(0)

⎞
⎟⎟⎟⎟⎟⎠
(13)

with rw (Δk) = E {w(n, k)w(n, k + Δk)∗} and rt(Δn) =
E {w(n, k)w(n + Δn, k)∗}.

III. FD-LS ESTIMATOR AND THE CORRESPONDING

OPTIMAL PILOT MATRIX

In this section, we derive a closed-form expression for the
optimal pilot matrix per subcarrier. For the convenience of
deriving below, we stack all kth subcarriers of NP received
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pilot OFDM symbols as follows:

yk = PkHk + wk (14)

with

yk =
(
y(n, k) · · · y(n + NP − 1, k)

)T
(15)

Pk =

⎛
⎜⎜⎜⎝

xS (n, k) xD (n, k)

...
...

xS (n + NP − 1, k) xD (n + NP − 1, k)

⎞
⎟⎟⎟⎠ (16)

Hk =
(
HSD(k) HDD(k)

)T
(17)

and

wk =
(
w(n, k) · · · w(n + NP − 1, k)

)T
. (18)

Note that the Hk in (17) is just the channel parameter to be
estimated.

In terms of (14), the FD-LS estimator can be readily given by

Ĥk =
(
PH

k Pk

)−1
PH

k yk = Hk +
(
PH

k Pk

)−1
PH

k wk (19)

which yields the channel estimation error

ΔHk = Ĥk − Hk =
(
PH

k Pk

)−1
PH

k wk (20)

which forms the MSE of the FD-LS estimator over subcarrier k
as follows:

MSEk = E {tr
[
ΔHk (ΔHk )H

]}
= tr

[
Pk

(
PH

k Pk

)−2
PH

k E {wkwH
k

}]
. (21)

Now, the IPN vector wk is assumed to be independent across
different OFDM symbols in order to optimize the performance
of FD-LS, the corresponding time-direction covariance matrix
will be

Rt = E {wkwH
k

}
= σ2

I INP
(22)

where σ2
I represents the average power of IPN [36]. Thus, the

MSE will be simplified as

MSEk = σ2
I tr
[ (

PH
k Pk

)−1 ]
. (23)

By minimizing the above MSEk to design the pilot matrix Pk

subject to the constraint of transmit power at source and desti-
nation nodes, we establish the following optimization problem:

min tr
[(

PH
k Pk

)−1]
s.t. (PH

k Pk )11 ≤ NP PS

(PH
k Pk )22 ≤ NP PD (24)

where PS and PD are the average transmit power per subcarrier
of source and destination nodes, respectively.

Define Xk = PH
k Pk , the optimization problem in (24) is

equivalent to

min tr(X−1
k )

s.t. (Xk )11 ≤ NP PS

(Xk )22 ≤ NP PD . (25)

According to [37, Lemma 1], for positive definite matrix
Y ∈ CN ×N with its diagonal element being {Yii}N

i=1 , the
inverse matrix trace inequality tr(Y−1) ≥∑N

i=1 Y −1
ii holds,

and the equality holds if Y is diagonal. It implies that if the
positive definite matrix Xk can be diagonally designed with the
power constraints in (25), we claim that the optimal solution is
obtained.

Therefore, it is evident that the optimal solution of problem
(25) should be

Xk =

(
NP PS 0

0 NP PD

)
. (26)

We summarize the above result in a theorem as follows.
Theorem 1: For an OFDM-based FD system, the optimal

pilot matrix Pk should satisfy PH
k Pk = diag{NP PS ,NP PD}

so as to minimize the Sum-MSE for the FD-LS estimator. It
follows immediately that the optimal Pk needs to be column
orthogonal matrix.

We can construct Pk as any two columns of NP × NP unitary
matrix multiplied by any predefined constant value. For exam-
ple, given NP = 4 and 16QAM constellation, the optimal Pk is

Pk
� =

(1 + 3i)√
10

⎛
⎜⎜⎜⎜⎜⎝

√
PS

√
PD√

PS

√
PD√

PS −√
PD√

PS −√
PD

⎞
⎟⎟⎟⎟⎟⎠ . (27)

IV. DFT-BASED LS CHANNEL ESTIMATOR AND SUM-MSE
PERFORMANCE GAIN ANALYSIS

In this section, we derive the Sum-MSE performance expres-
sions of both FD-LS and DFT-based LS channel estimators. The
Sum-MSE performance gain is defined as the ratio of the MSE
of FD-LS channel estimator to that of DFT-based one. Its upper
bound and lower bound are derived jointly. In two extreme situ-
ations: independent and fully-correlated, the simple expressions
of the corresponding Sum-MSE performance gains are directly
given and discussed together.

When the optimal pilot matrix satisfying (26) is adopted, the
FD-LS estimator in (19) will become

Ĥk = Hk + X−1
k PH

k wk (28)

which is equivalently written in the following form

ĤSD(k) = HSD(k)

+
1

NP PS

NP −1∑
p=0

x∗
S (n + p, k)w(n + p, k) (29)

and

ĤDD(k) = HDD(k)

+
1

NP PD

NP −1∑
p=0

x∗
D (n + p, k)w(n + p, k). (30)

Due to the similar forms of the above two equations, we take
HDD as an example below. Stacking all subcarriers, we can
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obtain the estimated channel gain vector as follows:

ĤDD = HDD + eDD (31)

where

eDD =
1

NP PD

NP −1∑
p=0

diag{x∗
D (n + p, :)}w(n + p, :) (32)

denotes the estimation error. Thus, the corresponding MSE of
HDD is given by

MSEDD = E{tr
[
eDD (eDD)H ]}

= tr
[E{eDD

(
eDD

)H }]
. (33)

Because of

E {x∗
D (n + p, :)xD (n + p, :)T

}
= PD IN (34)

we have

E{eDD
(
eDD

)H } =
σ2

I

2PD
A (35)

where A denotes the normalized frequency-domain covariance
matrix of w(n, :) with

Rw = σ2
I A. (36)

Obviously, the above matrix A is a positive semidefinite
Hermitian matrix and all its diagonal elements are 1. Therefore,
the above MSE of HDD can be simplified as

MSEDD =
Nσ2

I

NP PD
. (37)

In the same fashion, we can obtain the MSESD corresponding
to HSD as follows:

MSESD =
Nσ2

I

NP PS
. (38)

In terms of the above two MSEs, we define the Sum-MSE
performance of the FD-LS channel estimator as follows:

SumMSEFD-LS = MSEDD + MSESD

=
(

1
NP PS

+
1

NP PD

)
Nσ2

I . (39)

Using the transformation relationship in (2), the correspond-
ing estimated time-domain CIR channel gain vectors will be
given by

ĥDD = EL×N FH
N ×N ĤDD (40)

where

EL×N =
(
IL 0L×(N −L)

)
. (41)

Performing the DFT operation to both sides of (40) yields the
following DFT-based channel estimator:

H̃DD = FN ×LEL×N FH
N ×N ĤDD (42)

which, in combination with the error model in (31), forms the
estimation error model of the DFT-based LS estimator

H̃DD = FN ×LEL×N FH
N ×N ĤDD

= HDD + FN ×LEL×N FH
N ×N eDD. (43)

From (43), the corresponding MSE of HDD by DFT-based LS
is represented as

MSE′
DD = E

{
tr
[
(eDD)H FN ×N EH

L×N FH
N ×LFN ×L

EL×N FH
N ×N eDD

]}
. (44)

Since FN ×N EH
L×N = FN ×L and FH

N ×LFN ×L = IL , the above
MSE reduces to

MSE′
DD = E{tr

[
(en

DD)H FN ×LFH
N ×LeDD

]}
= tr

[E{eDD
(
eDD

)H }FN ×LFH
N ×L

]
. (45)

Substituting (35) into the above equation yields

MSE′
DD = tr

(
σ2

I

NP PD
AFN ×LFH

N ×L

)
=

σ2
I

NP PD
tr(AB)

(46)

with

B = FN ×LFH
N ×L (47)

and B can be further decomposed as

B = FN ×N

⎛
⎜⎝

IL×L 0(N −L)×L

0L×(N −L) 0(N −L)×(N −L)

⎞
⎟⎠FH

N ×N (48)

which implies the singular value of matrix B is 0 or 1. In the
same manner, we can obtain the MSE corresponding to HSD as
follows:

MSE′
SD = tr

(
σ2

I

NP PS
AFN ×LFH

N ×L

)
=

σ2
I

NP PS
tr(AB).

(49)

Adding (46) and (49) forms the Sum-MSE performance of
the DFT-based LS channel estimator as follows:

SumMSEDFT = MSE′
DD + MSE′

SD

=
(

1
NP PS

+
1

NP PD
]
)

σ2
I tr(AB). (50)

To evaluate the Sum-MSE performance gain achieved by the
DFT-based channel estimator over the FD-LS one, let us define
the following ratio:

γ =
SumMSEFD-LS

SumMSEDFT
. (51)

In unit dB, the Sum-MSE performance gain achieved by the
DFT-based channel estimator is 10 log10 γ dB.

Theorem 2: Matrices A and B are N × N positive semidef-
inite, where λ1(A), . . ., λN (A) denote the eigenvalues of
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matrix A, arranged in nondecreasing order, i.e., λ1(A) ≤
λ2(A) ≤ · · · ≤ λN (A). If matrix B has the following form:

B = UB

⎛
⎝ IL×L 0L×(N −L)

0(N −L)×L 0(N −L)×(N −L)

⎞
⎠UH

B (52)

then, we have the following inequality:

L∑
i=1

λi(A) ≤ tr(AB) = tr (BA) ≤
N∑

i=N −L+1

λi(A). (53)

Proof: Please see Appendix VII. �
As a result, the Sum-MSE of the DFT-based LS will be

bounded by(
1

NP PS
+

1
NP PD

)
σ2

I

L∑
i=1

λi(A) ≤ SumMSEDFT

≤
(

1
NP PS

+
1

NP PD

)
σ2

I

N∑
i=N −L+1

λi(A). (54)

Using the inequality (54), the inverse of the Sum-MSE perfor-
mance gain γ is bounded by the following double side approxi-
mation ∑L

i=1 λi(A)
N︸ ︷︷ ︸

Lower bound

≤ γ−1 ≤
∑N

i=N −L+1 λi(A)
N︸ ︷︷ ︸

Upper bound

. (55)

Equivalently, the exact Sum-MSE performance gain γ is
bounded by the following double side approximation:

N∑N
i=N −L+1 λi(A)︸ ︷︷ ︸

Lower bound

≤ γ ≤ N∑L
i=1 λi(A)︸ ︷︷ ︸

Upper bound

. (56)

Clearly, the inverse of the upper bound of γ−1 in (55)
corresponds to the lower bound of γ in (56). Conversely, the
inverse of the lower bound of γ−1 in (56) corresponds to the
upper bound of γ in (56). When matrix A is singular, its
smallest L eigenvalues could be zeroes, then the upper bound
of γ on the right-hand side of (56) tends to infinity. Thus, in
simulation section, we evaluate the bounds of γ−1 instead of γ.

In a practical wireless communication system, the covariance
matrix A of the IPN vector can be estimated in advance. We will
discuss how the different matrix A affects the MSE performance
gains achieved by the DFT-based LS channel estimator in two
extreme scenarios.

Scenario 1: When A = IN , we have

tr(AB) = tr(B) = tr
(
FN ×LFH

N ×L

)
= L (57)

then

SumMSEDFT =
(

1
NP PS

+
1

NP PD

)
Lσ2

I . (58)

Making use of the definition of (51), we have

γ =
N

L
(59)

which means that the Sum-MSE of DFT-based LS channel
estimator will be reduced to L/N of that of the FD-LS one when
the IPN vector is independent identically distributed (i.i.d.).

Scenario 2: Considering A is a matrix of all ones

A = 1N 1H
N (60)

where 1N is an N -D column vector of all ones. Such type of
colored IPN vectors can be expressed as

w(n, :) = g1N (61)

where g is any random variable obeying some typical random
distribution. Substituting the matrix in (60) in the trace tr(AB),
we have

tr(AB) = tr
(
11H FN ×LFH

N ×L

)
= tr

(
ttH

)
(62)

where t = 1H FN ×L is given by

tl =
1√
N

N∑
n=1

W (l−1)(n−1) =
{√

N, l = 1[8pt]
0, 2 ≤ l ≤ L

. (63)

Substituting the above equation into (62) yields

tr(AB) = N (64)

then

SumMSEDFT =
(

1
NP PS

+
1

NP PD

)
Nσ2

I . (65)

Plugging the above expression and (39) into (51) gives

γ = 1 (66)

which implies that there is no Sum-MSE performance gain
achievable by the DFT-based LS channel estimator in the fully-
correlated IPN case. In other words, the DFT-based LS channel
estimator has the same Sum-MSE performance as the FD-LS
one. From the above two special scenarios, we conclude that the
Sum-MSE performance gains achieved by the DFT-based LS
channel estimator are 10 log10

N
L dB, and 0 dB in the i.i.d. and

fully-correlated cases, respectively. The covariance matrix of
the colored interference and noise vector will have a significant
influence on the Sum-MSE performance gain achieved by the
DFT-based LS channel estimator. Obviously, the DFT-based LS
channel estimator may harvest a larger Sum-MSE performance
gain over the FD-LS one by increasing the value of N/L in the
case of i.i.d. IPN vector.

V. SIMULATIONS AND DISCUSSIONS

In this section, we provide numerical results and analysis
to evaluate the exact Sum-MSE performance gain, its upper
bound and its lower bound by changing the values of correlation
factor ρ and ratio N/L. To make the evaluation of Sum-MSE
performance easy below, the covariance matrix A of IPN vector
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Fig. 2. γ−1 and its bounds in (55) versus ρ with fixed L = 16.

is chosen as follows:

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 ρ · · · ρN −1

ρ 1 · · · ρN −2

...
...

. . .
...

ρN −1 ρN −2 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(67)

where ρ ∈ [0, 1] denotes the correlation factor between adjacent
subcarrier of IPN vector. The correlation factor corresponding to
two distinct subcarriers k1 and k2 with Δk = k2 − k1 is defined
as

ρk = rw (Δk). (68)

For ρ = 0, all elements of the IPN vector are i.i.d., whereas
all elements of the IPN vector are fully-correlated for ρ = 1. In
other words, all elements of this vector obey the same random
distribution as shown in (61). Changing the value of ρ will make
a change in correlation degree among elements of IPN vector.

Fig. 2 demonstrates the curves of γ−1 and its bounds, in-
cluding upper and lower bounds, versus ρ for different ratios
N/L with fixed L = 16. Observing this figure, we can find the
following results: given a fixed L, as N increases, the upper
bound converges to the exact value γ−1 . When both L and N
are fixed, the lower bound is far away from the exact value γ−1

with increase in the value of ρ. Consequently, we can make a
conclusion that the upper bound is tighter compared to the lower
bound.

Now, let us consider two extreme situations. At ρ = 1, the
upper bound and the exact value γ−1 are equal to one. This
means that there is no performance gain in the fully-correlated-
IPN scenario. Conversely, at ρ = 0, i.e., the case of i.i.d. IPN
vector, the Sum-MSE gain γ is equal to N/L. This is also
the maximum performance gain achievable by the DFT-based
LS channel estimator over the FD-LS one. In particular, from
Fig. 2, we also find that decreasing the value of ρ will increase
the performance gain. Additionally, at two extreme-value points

Fig. 3. γ−1 in terms of (51) and its bounds in (55) versus ρ with fixed L = 32.

Fig. 4. γ−1 and its bounds in (55) versus log2 (N/L) with fixed L = 16.

(0, L/N) and (1, 1), the derived upper bound is in agreement
with the exact Sum-MSE value for all three parts of Fig. 2.

Fig. 3 illustrates the curves of γ−1 and its bounds versus ρ for
different ratios N/L with fixed L = 32. It is evident that Fig. 3
has the same tendency as Fig. 2.

Fig. 4 plots the curves of γ−1 and its bounds versus different
ratios log2(N/L) for different ρ and fixed L = 16. It intuitively
follows from this figure that given L and ρ, as N increases, γ−1

will get closer and closer to its upper bound and even begins to
overlap for a sufficiently large N/L. Specifically, for a smaller
value of ρ, the exact value of γ−1 and its upper bound overlaps
with each other starting from a relatively smaller value of N .
For example, we can find that the curves of γ−1 and its upper
bound begin to overlap at the value of N/L being 8, 16, and 64
for ρ increases from 0.2, 0.5 to 0.8, respectively. Consequently,
we may claim that the upper bound is a good approximation to
the exact value of γ−1 for almost all situations compared with
lower bound.
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Fig. 5. γ−1 and its bounds in (55) versus log2 (N/L) with fixed L = 32.

Fig. 5 shows the curves of γ−1 and its bounds versus different
ratios log2(N/L) for different values of correlation factor ρ with
fixed L = 32. Observing Fig. 5, it is very evident that similar to
Fig. 4, we obtain the same results and trends.

In summary, the values of N/L and ρ have a dramatic impact
on the Sum-MSE performance gain. Increasing the value of N/L
improves the Sum-MSE performance gain, whereas reducing
the value results in a loss on the Sum-MSE performance gain.

VI. CONCLUSION

In this paper, we investigate and analyze the Sum-MSE
performance gain of DFT-based LS channel estimator over
FD-LS one in the FD OFDM system with colored interference
and noise. The exact value, upper bound, and lower bound of the
Sum-MSE performance gain are derived, discussed, and veri-
fied. From numerical simulations and analysis, it follows that
the lower bound is closer to the exact Sum-MSE performance
gain compared to the upper bound. In two extreme scenarios:
fully-correlated and i.i.d., the Sum-MSE performance gains
are shown to be 1, and N/L, respectively. The correlation
factor ρ of IPN covariance matrix has an obvious impact on
the Sum-MSE performance gain. Roughly speaking, a large
Sum-MSE performance gain increases from 1 to N/L as the
correlation factor ρ decreases from 1 to 0. The above results can
be applied to provide a guidance for pilot pattern optimization
of channel estimation design in future FD wireless networks
such as mobile communications, satellite communications,
cooperative communications, V2V, unmanned-aerial-vehicles
networks, internet of things (IoT), etc.

APPENDIX A
PROOF OF THEOREM 2

Substituting (52) in tr(AB) yields

tr(AB) = tr
(
UH

B AUB ΛB

)
(69)

where

ΛB =

(
IL×L 0L×(N −L)

0(N −L)×L 0(N −L)×(N −L)

)
. (70)

Let us define

Ã = UH
B AUB (71)

where Ã has the same set of eigenvalues as A due to the property
of unitary transformation. Furthermore,

tr (A) = tr(Ã). (72)

The identity (69) is rewritten as

tr(AB) = tr(ÃΛB ). (73)

Similar to (70), Ã is represented in the block matrix

Ã =

(
Ã11 Ã21

Ã12 Ã22

)
. (74)

Using the above expression

tr(AB) = tr(Ã11). (75)

Making use of [38, Th. 4.3.28], we have

λ1(Ã) ≤ λ1(Ã11) ≤ λN −L+1(Ã)

λ2(Ã) ≤ λ2(Ã11) ≤ λN −L+2(Ã)
...

λL (Ã) ≤ λL (Ã11) ≤ λN (Ã).

(76)

Adding all the above L inequalities results in the fact that the
trace in (73) is bounded by

L∑
i=1

λi(A) ≤
L∑

i=1

λi(Ã11) = tr(Ã11) ≤
N∑

i=N −L+1

λi(A).

(77)

�
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