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Abstract-In this paper we study LOPC code design in block
fading (BF) channels. Our main purpose is to introduce a new 
Root Check (RC)-LOPC code design which obtains full diversity 
whilst delivering improved coding gain relative the other LOPC 
code designs. More specifically, we show that when our codes 
are combined with the check splitting method for the ARQ 
BF channels, we obtain the highest coding gain relative to 
conventional RC-LOPC codes. 

I. INTRODUCTION 

In wireless communications, mobility and multipath prop
agation are the two prime factors which lead to time-varying 
channel conditions. It is known that the nonergodic block
fading (BF) channel model is a very useful model in this re
gard, in that it characterizes the main time-dependent features 
of the wireless channel [1]. In studying channel coding in such 
BF channels, the ability to obtain maximum (full) diversity is 
usually a constraint imposed on the adopted coding scheme. 
Parameterizing diversity in terms of the Singleton bound [2] 
is often convenient. In [3,4] the Singleton bound was first 
utilized as an upper bound on the diversity using pairwise 
error probability arguments. More recently, in [5], it shown 
that the Singleton bound is indeed optimal in that it is the 
slope of the outage probability (OP) vs. SNR curve (the OP 
curve). 

Achieving full diversity gain in the BF channel using a 
maximum likelihood (ML) decoder at the destination is shown 
in the works of [5,6]. However, ML decoders are complex and 
difficult to implement for large block lengths. On the other 
hand, iterative belief propagation (BP) decoders are considered 
to possess less complexity and be implementable for large 
block length codes. But, the design methodologies for the 
ML decoder in [5,6] cannot guarantee full diversity when 
applying the iterative belief propagation (BP) decoder at the 
destination due to the pseudo-codewords [7]. LDPC codes on 
the other hand, can achieve full diversity in BF channels whilst 
using a BP decoder, provided that the LDPC code design is 
based on root-check LDPC (RC-LDPC) codes [6,8,9]. For 
AWGN channels or fast fading channels, related work using 
BP decoding can be found elsewhere, e.g. [10-13]. 

RC-LDPC codes are intentionally constructed to ensure that 
each information digit has one edge connected to an RC node, 
so that all the information digits can obtain full diversity gain 
in the BF channels. In [14], the check splitting method of [15] 
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is utilized with RC-LDPC codes to achieve full diversity in 
the automatic-repeat-request (ARQ) BF channels. However, 
the connection constraint in the RC-LDPC codes is that all 
the information digits must be connected to the RC nodes. 
This connection constraint reduces the randomness of the 
connections between the variable nodes and the check nodes 
in the code design. The structures of RC LDPC codes are 
designed to achieve full diversity, however, the coding gain of 
such codes is not optimal. It is the main purpose of this work 
to introduce a new RC-LDPC code design which obtains full 
diversity whilst delivering improved coding gain relative the 
above mentioned earlier works. 

More specifically, we study RC-LDPC code design in the 
context of BF channels, where we introduce the notion of 
check splitting into the code design. Such codes, termed 
check-splitting RC-LDPC (CSRC-LDPC) codes, are actually 
the repetition codes in the ARQ stages [14]. Even if full 
diversity is achieved by the CSRC-LDPC codes in the ARQ 
BF channels, the use of repetition codes in the ARQ stages 
again limits the coding gain. Here we propose code structures 
based on (3,6)-regular LDPC codes, which can achieve full 
diversity gain for both the BF channels, and the ARQ BF 
channels (with check splitting method). Our proposed code 
structures relax the connection constraints in the RC-LDPC 
codes in that not all the information digits need be connected 
to the RC nodes. Our proposed scheme provides more freedom 
in connecting the variable nodes and the check nodes. We 
demonstrate that our proposed codes, some of which utilize 
the check splitting method, can offer a higher coding gain 
relative to conventional RC-LDPC codes. 

II. CHANNEL MODEL AND RC-LDPC CODES 

Consider the codewords of N binary digits transmitted 
on a BF channel. During a codeword period, there are n 

independent fading intervals. The length N is a multiple of 
n, with A � N / n denoting the number of bits per fading 
block. The received signal is given by 

(1) 

where the subscripts i = 0"" ,N - 1, j = 0"" ,n - 1, 
and j = l i / A J, and where lr J denotes the integer part of 
a real number r. Each transmitted symbol Xi is a BPSK 
symbol with Xi = ±...;'E;. The noise samples are i.i.d 
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Fig. l. A (3, 6)-regular RC-LDPC code and its Tanner graph. The left figure 
illustrates the concept of RC nodes and the right figure is the corresponding 
Tanner graph. 

with Vi '"" N(O,0-2), and 0-2 = No/ 2. We assume that the 
channel gains ho, ... ,hn-1 in a codeword are i. i.d Rayleigh 
distributed from block to block. We denote the average signal
to-noise ratio (SNR) per symbol as p = Es/No. When 
the code rate is R, the average SNR per bit is denoted as 
Eb/NO = p/R. 

According to the Singleton bound, the relationship between 
the code rate R and the diversity gain d in the BF channels is 

d'5: 1 + In(l- R)J. (2) 

So to obtain the full diversity gain d = n, a necessary 
condition is that the code rate R should be no more than l/n. 

In addition, for LDPC codes with a BP decoder, the root 
check nodes are utilized to design the parity check matrix of a 
full diversity achieving code [6,8]. The concept of RC nodes 
is illustrated by a (3,6)-regular LDPC code in Fig. l(a) with 
n = 2 and R = 1/ 2. Suppose that the two channel gains 
are ho and hI. If a check node has one edge connected to a 
variable node (information digit) with channel gain ho, and 
five edges connected to the variable nodes with channel gain 
hi> then the check node is defined as an RC node for the 
variable node with a channel gain ho. This variable node can 
obtain additional diversity from its RC node. 

In order to achieve full diversity during a codeword trans
mission, each information digit must have one edge connected 
to its RC node. The (3,6)-regular RC-LDPC code presented 
in [6,8] is designed to guarantee this connection for each 
information digit. Fig. 1 (b) shows the corresponding Tanner 
graph. The idea behind the (3,6)-regular RC-LDPC code is 
straightforward: A codeword is split into four parts as shown 
in Fig. l(b), in which, 1i and 2i represent the variable nodes 
related to the information digits transmitted in the two fading 
channels ho and hI, respectively; and 1p and 2p represent the 
variable nodes related to the parity digits transmitted in the 
two fading channels ho and hi> respectively. The check nodes 
in Ie and 2e are the RC nodes for the variable nodes in Ii 
and 2i, respectively. Hence all the information digits obtain 2 
orders of diversity gain. 

From the Tanner graph in Fig. l(b), we can see that the 
connections between the variable nodes and the check nodes 

400 

are fixed in RC-LDPC codes. It is well known in the AWGN 
channels [10] and the ergodic fading channels [11], for a given 
LDPC code, e.g. a regular code or an irregular code with fixed 
degree distribution, the connections between the variable nodes 
and the check nodes do not change code performance (if we do 
not consider the cycles in the code). However, this is not the 
case in the non-ergodic BF channels due to their asymmetry. 

To address this issue, we investigate the extrinsic mutual 
information transfer (EXIT) of the Tanner graph in Fig. l(b). 
For a channel realization hj, we utilize the "soft bit" to 
estimate a transmitted (modulated) bit Xi given a channel ob
servation Yi, i.e. � = Pr(xi = 1IYi,hj)-Pr(xi = -lIYi,hj). 
Also, we represent the bit's log likelihood ratio (LLR) as 
£ = log (Pr(xi = 1IYi,hj)/Pr(xi = -lIYi,hj)). If Xi = 1 
is transmitted, then the mean of £ is me = 2IhjI2/0-2. 
According to [13], the conditional channel mutual information 

I(xi; Yilhj) is giveb by the function J(mc) where, 

00 In2 J(mc) = 2:: rk<I>k(mc), where rk = 
k( ) ' 

k=1 2 2k - 1 
(lnlH_2Ih�12 )2 

1
1 

o-ek - � q -<I>k(mc) = e 
- 81hj12/q2 d�. 

-1 (1 - �2)lhjlv'27T 

(3) 

Note that, in Fig. l(b) there are six types of edges. We 
denote Eli1c as the type of edges between Ii and Ie. Similarly, 
we define the other five types of edges as Eli2c, E1p2c, E2p1c, 
E2ilc, and E2ilc' Because of the asymmetry of the BF channel, 
the EXIT, as well as the LLR values between the variable 
nodes and the check nodes, can only be averaged inside 
each edge type. We denote the LLR mean values observed 
in different channels as m with the corresponding subscripts 
(e.g. the LLR mean value of the channel ho is mho), We also 
denote the LLR mean values transmitted along different edge 
types as m with the corresponding subscripts (e.g. the mean 
of the check-to-variable LLR value along the edge type Elilc 
is mlc-+li, and the variable-to-check LLR mean value along 
the edge type Eli1c is mli-+lc). Without loss of generality, we 
focus on a variable node in 1 i and the three edges connected 
to it (one edge in E1i1c and the other two edges in E1i2c). By 
applying the Gaussian approximation (GA) method, we obtain 
the variable-to-check update rules in the l-th iteration as 

(I) _ (1-1) 
mli-+1c - mho + 2m2c-+li' 

(I) _ (1-1) (1-1) 
mli-+2c - mho + m1c-+li + m2c-+li' 

For the check-to-variable update rules, we have 

(I) _ rl (� r <I> ( (I) )2 ( (I) )3) m1c-+li - � k k m2i-+lc <I>k m2p-+1c , 
k=1 

(I) _ 
m2c-+li -

rl (f rk<I>k(m�?-+2J<I>k(m�?-+2J<I>k(m��-+2C)3) . 
k=1 

(4) 

(5) 

Suppose the hard decision is made at the end of the l-th 

iteration, the output LLR mean value, denoted as m�? ' is given 
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by 
(l) (I) (I) 6 mli = mho + m1c-tli + 2m2c-tli' ( ) 

An outage event happens if J(m�?) < l. 
Due to the fact that the variable nodes in a codeword go 

through two different channels, a change of the connection in 
Fig. 1 (b) may lead to the change of the instantaneous EXIT 
from both the variable nodes and the check nodes. Thus, the 
OP will be different for different connections. For example, 
the output mutual information by a node in Ii after the first 
iteration is 

E rk ( <Pk(mho) + <Pk(mh1)5 + 2<Pk(mhl)<Pk(mhO)4) , (7) 

and the OP of the nodes in Ii after the l-th iteration is 

We can minimize the OP in (8) by finding the optimal 
connection at the check nodes, therefore obtaining a higher 
coding gain. 

However, the connections in the RC-LDPC codes is fixed in 
order to guarantee the full diversity of a transmitted codeword. 
Therefore it is hard for the RC-LDPC codes to improve 
the coding gain. In the following, we present the design 
methodology of modified code structures which have more 
freedom in the connection without reducing the diversity gain. 

III. STRUCTURES OF DIVERSITY ACHIEVING CODES 

Recall from the RC-LDPC codes shown in Fig. 1 that the 
extra diversity of a digit is obtained through its RC node. 
Without loss of generality let us focus on the RC node (Ie) 
and a digit in Ii. We connect Ii digit with one edge to Ie, 
and connect the digits in 2i to Ie with the remaining edges. 
Such connections represent one way to achieve full diversity 
for the digits in the codeword. The main idea of our new 
proposed code structures is that we allow for a different range 
of connections splitting the digits in Ii into two parts as 
shown in Fig. 2. Each digit in the first part of Ii has one 
edge connected to the RC nodes in order to obtain the extra 
diversity. Each digit in the other part of 1 i has one edge 
connected to the so-called quasi-root check (QRC) nodes. The 
remaining edges of a QRC node can be connected to either 
the digits in 2i, or the digits in Ii that have already obtained 
full diversity gain. Our codes structures relax the connection 
constraints in the RC-LDPC codes and hence there are more 
code ensembles satisfying the condition. 

Fig. 2 illustrates a full diversity achieving (3,6)-regular 
LDPC code. In the Tanner graph, the check nodes in Ie and 
3e are the RC nodes for Ii and 2i, respectively. Likewise, the 
check nodes in 2e and 4e are the QRC nodes for Ii' and 2i', 
respectively. Note that since the variable nodes in Ii obtain the 
extra diversity in the first iteration, the variable nodes in Ii' 
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Fig. 2. A full diversity achieving (3, 6)-reguJar LDPC code. 

achieve the full diversity in the second iteration. The principle 
that a variable node can obtain the extra diversity from its QRC 
node is termed diversity population evolution [9]. We focus 
on a variable node in Ii' to explain the process of diversity 
population evolution. The node in Ii' has one edge connected 
to its QRC node, with the other five edges of the QRC node 
connected to Ii and 2p. According to [6,8], a sub-optimal 
decoder (i.e. min-sum decoder) is utilized to investigate the 
output LLR value of a variable node. Suppose that an all
zero codeword has been transmitted, and f(l) is the average 
negative-probability of the input LLR value to a check node 
in the l-th iteration. Then in the first iteration, we have 

(1) _ ( _ (1))4 . {(1) (1) } m1c-tli - 1 2f mm m2i'-t1c' m2p-t1c 

= (1 _ 2f(1))4 21h� 12 , (J 
In the second iteration, we have 

(2) (1) (1) mli-t2c = mho + m1c-tli + m2c-tli 

(9) 

= 
21hol2 

+ (1 _ 2f(1))4 2IhlI2 
+ m(l) . 

(10) 

(J2 (J2 2c-t It 

Then the average output LLR value of the nodes in Ii' is 

(2) (2) (2) mli, = mho + m2c-tli' + 2m3c-tli' 
_ 21hol2 ( _ (2))4 . {(2) (2) } (2) - 2 + 1 2f mm mli-t2c' m2p-t2c + 2m3c-tli' (J 

(11) 

In fact, we have f(l) > f(2) > ... > f(l), as the variable nodes 
obtain more EXIT after each iteration, and f(l) -+ 0 when 
SNR is large enough. From (10) and (11), the diversity gain 
obtained by the nodes in Ii can be transferred to Ii' and thus 
the nodes in 1 i' also achieve full diversity. In the same manner, 
the nodes in 2i' also obtain the full diversity gain. Note that, 
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:] 
Fig. 3. Tanner graph of another full diversity achieving (3, 6)-regular LDPC 
code designed according to the principle of diversity population evolution. Fig. 4. Increasing one digit redundancy by splitting a check node in to two. 

The dotted lines represent one edge and the solid lines represent three edges. 

due to the delay of diversity population evolution, the variable 
nodes in Ii' and 2i' obtain the extra diversity after the second 
iteration. While in the RC-LDPC codes, all the information 
digits achieve full diversity after the first iteration. 

Due to the principle of diversity population evolution, we 
can design a group of code structures that achieve full diversity 
gain. For example, Fig. 3 is another structure of a full diversity 
achieving (3,6)-regular LDPC code. We can also adapt the 
percentages of the variable nodes in Ii' and 2i' without 
reducing the diversity order. Among all the full diversity 
achieving (3,6)-regular LDPC codes, there must be a code 
structure that minimizes the OP in (8). Moreover, we can 
jointly design the degree distribution and the connection of 
the Tanner graph by minimizing the OP in (8) to obtain a 
coding gain. In this paper we do not go into detail on the 
design of full diversity achieving codes with a higher coding 
gain. Instead, we will present the application of the proposed 
code structure for the ARQ BF channels with check splitting 
method. 

IV. THE APPLICATION OF FULL DIVERSITY ACHIEVING 

CODES TO ARQ BF CHANNELS 

In the ARQ BF channels, puncturing/extending was of
ten used for LDPC codes to obtain incremental redundancy. 
However, in the puncturing method, every punctured variable 
node disables several check nodes. The extending method 
may create many cycles in the code graphs or create parity 
check nodes with insufficient weight. In [15], the check 
splitting method was proposed in order to obtain incremental 
redundancy. Check splitting operates by replacing a row r 

in the parity check matrix with two new rows rl and r2, 

of approximately equal weight and with rl E9 r2 = r. This 
causes the check nodes degree distribution to remain fairly 
concentrated and prevents the cycles in the Tanner graph as the 
rate decreases. For example, if we want to reduce the code rate 
by adding parity check digits to the codewords, we need to add 
one row and one column to the original parity check matrix. 
Ignoring the columns containing zeros in both the original and 
the new checks, Fig. 4 illustrates how to split a single check 
node of degree eight into two check nodes of degree five. 

In [14], the check splitting method is applied to the RC
LDPC codes for the ARQ BF channels. Consider a RC-LDPC 
code with rate R = � and code length A. In each ARQ round, 
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Fig. 5. Parity check matrix relative to a digit of Ii and its root check 
nodes after the first ARQ round. There are four i.i.d channels indexed as 
1, 2, 3, 4. The arrows represent the process of diversity population evolution. 
The number over the arrow represents the index of the channel that provides 
the diversity gain. 

ilie source transmits A redundant parity check digits to reduce 
the code rate. So after the l-th ARQ round, the code rate 
becomes Rl = R/l. To make sure that the overall codeword 
with the rate Rl can achieve full diversity after the l-th ARQ 
round, each check node should be retained as an RC node after 
check splitting. Wiiliout loss of generality, we pick out a digit 
of I i in Fig. 1 to show the check splitting and the full-diversity
achieving process by the diversity population evolution. 

Fig. 5 shows the check splitting after ilie first ARQ round, 
and the process of diversity population evolution. This illus
trates how the digit of Ii can eventually achieve full (4 order) 
diversity. The digits in 2i also achieve full diversity in the same 
manner. However, because of the code structure of the RC
LDPC codes, ilie check splitting is mainly adding repetition 
check nodes in each ARQ round. Note that in the last row 
shown in Fig. 5, Ii and 4p form a repetition code. Similarly, 3p 
and 4p form a repetition code. These repetition codes ensure 
ilie diversity but do not improve coding gain. We can also see 
that the degree of a check node will be either 2 or 6. So the 
degree distribution of the check nodes is not concentrated. 

We next apply check splitting to the LDPC code in Fig. 2. 
The check splitting and the diversity population evolution are 
shown in Fig. 6. We can see that all the digits Ii, Ii', 2i and 2i' achieve full diversity by the diversity population evolution. 
In addition, the check nodes produced by the check splitting 
method are no longer ilie repetition codes. Most of the check 
nodes (75%) have the concentrated degrees of 3 and 4, and 
only a small portion of the check nodes (25%) have the degree 2 and 6. So the code structure in Fig. 2 with the check splitting 
can lead to a higher coding gain than relative to an RC-LDPC 
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Fig. 6. Parity check matrix relative to the digits of Ii, Ii', 2i, 2i' and their 
root check nodes after the first ARQ round. 

code. 
Fig. 7 shows the word error rate for various codes. We use 

the code in Fig. 1 as the benchmark, which is a (3,6)-regular 
RC-LDPC code. In addition, we denote the code in Fig. 2 as 
Code A, and the code in Fig. 3 as Code B. We can see from 
Fig. 7 that both Code A and Code B achieve full diversity 
under the principle of diversity population evolution. Note that 
the three codes almost have the same performance in the BF 
channel. For the ARQ BF channel, we assume there is one 
ARQ round. So the full diversity of the scheme is 4. The 
simulation results show that the combination of check splitting 
and RC-LDPC code can achieve full diversity gain, but that 
its coding gain is smaller relative to a check splitting version 
of Code A. 

V. CONCLUSION 

In this paper, we have focussed on the design of full diver
sity achieving LDPC codes for nonergodic BF channels. The 
codes we have proposed provide more freedom in connecting 
the variable nodes and the check nodes while keeping the same 
diversity as the RC-LDPC codes. Due to randomness in the 
parity check matrix, our code structures may be used to search 
for full diversity achieving codes with higher coding gains. We 
have shown, when combined with the check splitting method 
in the ARQ BF channels, our code can provider better error 
performance than the RC-LDPC codes. 
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