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Abstract—We investigate LDPC code design for a multi-
source single-relay system, with uniform phase-fading Gaussian
channels. We specifically consider the asymmetric channels for
multiple sources, where the channel condition for each source
in the system is different. We focus on LDPC code design when
network coding (NC) at the relay is utilized. For the asymmetric
sources, we firstly introduce a binary field rate splitting theorem
which is used to discover an appropriate NC scheme at the
relay. This NC scheme is then used to determine the achievable
rates of each source and the whole system. These steps assist
us in the development of the main contribution of our work,
namely, network coded multi-edge type LDPC (NCMET-LDPC)
code design. Extrinsic mutual information transfer (EXIT) chart
analysis is utilized to optimize the code profiles. Our results
demonstrate two key points. (1) From the whole system point of
view, our NCMET-LDPC codes achieve better error performance
than that of LDPC codes designed for the system without NC.
(2) As a consequence of the binary field rate-splitting theorem, our
NCMET-LDPC codes also guarantee better error performance of
each asymmetric source. The improvement in error performance
is typically about 0.3 dB relative to a system without NC.

Index Terms—Multi-source relaying, multi-edge type LDPC
codes, network coding, extrinsic mutual information transfer
(EXIT).

I. INTRODUCTION

COOPERATIVE communications systems composed of
one source, one relay, and one destination (1 − 1 − 1

systems) have been widely studied, and the achievable rates
in such systems have been developed [1, 2]. In addition,
design of the channel capacity-approaching codes, e.g. low-
density parity-check (LDPC) codes [3–5] which approach the
achievable rates of 1−1−1 systems, have been investigated [6–
10]. However, in emerging networks, such as cellular relaying
networks, a relay will be shared by multiple sources and
utilized to forward messages to the common destination, e.g.
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a base station. These networks, which can be modeled as
𝑀 − 1− 1 systems, composed of 𝑀 sources, one relay, and
one destination, have attracted much attention recently in the
research community.

In the 𝑀−1−1 systems with the DF (Decode-and-Forward)
protocol, the relay decodes the messages of all the sources.
There are several information processing methods at the relay.
One of these is the separate processing (SP) method, where the
relay generates the extra redundant messages for each source
individually without combining them with the messages of the
other sources. Subsequently, the relay forwards the messages
to the destination in order to facilitate the decoding of the
source’s messages. A second method of processing at the relay
is the network coding (NC) method [11]. In this method, the
relay generates the extra redundant messages by combining
the messages of all the sources according to a specific NC
scheme. In NC schemes the relay generates the extra redundant
messages in either the complex field (it is actually a kind of
signal (symbol) superposition technique) [12, 13], or Galois
field [14, 15]. It has been proved that [12, 14] under the fading
channels, the 𝑀 −1−1 system, with either complex field NC
or Galois field NC, achieves a higher diversity gain than that
with SP for each source.

Relative to complex field NC, one advantage of Galois field
NC is the joint design with the channel coding. In [16], LDPC-
like codes are jointly designed with Galois field NC in a
multiple source system, where Rayleigh fading channels are
considered and each source is alternately utilized as the relay
for the other sources. In [17], turbo codes are jointly designed
with Galois field NC for a 2−1−1 system assuming Rayleigh
fading channels. However, these two works do not consider
the optimization of the code profiles in fading channels. For
the 𝑀−1−1 systems with AWGN channels, the works of [18,
19] explore code optimization by combining the Galois field
NC with bilayer LDPC codes [6]. However, there are two main
limitations of [18, 19]. Firstly, these works do not consider the
fact that the system achievable rate is changed after applying
Galois field NC at the relay. Secondly, these works only focus
on code design in the special case where the source-to-relay
channels have the same achievable rates, and the source-to-
destination channels have the same achievable rates. In this
work, we will address these two important issues.

We consider the code design for asymmetric channel con-
ditions of multiple sources, where the channel signal-to-noise
ratios (SNR) and the achievable rates for all the sources are
different. We consider only Galois field NC, henceforth simply
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Fig. 1. The working mode of an FDMA 𝑀−1−1 system. The relay 𝑟 has
𝑀 parts 𝑟1, ⋅ ⋅ ⋅ , 𝑟𝑀 receiving and transmitting at 𝑓1, ⋅ ⋅ ⋅ , 𝑓𝑀 , respectively.

referred to as NC. We will adopt an 𝑀 − 1 − 1 system
in which sources transmit their information via frequency
division multiple access (FDMA). Such an access scheme
is consistent with emerging LTE standard [20]. Our specific
contribution for such a system are as follows. (i) We propose
a binary field rate-splitting theorem to determine how many
network coded digits are allocated to each asymmetric source
in an NC scheme. (ii) We consider the design of network coded
LDPC codes and propose a novel network coded multi-edge
type LDPC code structure (NCMET-LDPC). In our design of
NCMET-LDPC codes, the relay generates the network coded
parity check digits from the messages of all the sources.
Contrary to other code designs (e.g. [18, 19]), the structure
of the NCMET-LDPC codes we design can be applied to
asymmetric channels where all the channels possess different
conditions. (iii) EXIT analysis [21–23] is utilized to optimize
the NCMET-LDPC code profiles, with the binary field rate-
splitting theorem being used as a constraint.

The rest of this paper is organized as follows. Section II sets
up the system model and presents the achievable rate analysis
for the system with SP. Section III derives the binary field
rate-splitting theorem, based on which the achievable rate of
the system with NC is analyzed. Section IV focuses on the
methodology of the NCMET-LDPC code design. Section V
analyzes the EXIT property of the NCMET-LDPC codes and
proposes the optimization criterions of the codes. Section VI
provides our simulation results of the bit error performance,
and Section VII concludes the paper.

II. SYSTEM MODEL AND PRELIMINARIES

Consider an 𝑀 − 1− 1 system with 𝑀 sources, one relay
and one destination, where sources 𝑠1, ⋅ ⋅ ⋅ , 𝑠𝑀 broadcast
their messages to the destination 𝑑 simultaneously. In the same
time, a full-duplex relay 𝑟 tries to decode the messages of
all the sources and forwards extra redundant messages to the
destination. Suppose that all the sources access the channels
using frequency division multiple access (FDMA). The relay
receives and transmits in all the frequencies utilized by the
sources. Specifically, as shown in Fig. 1, the 𝑚-th source
𝑠𝑚, 𝑚 = 1, ⋅ ⋅ ⋅ , 𝑀 , transmits its messages in the frequency
band 𝑓𝑚, the relay 𝑟 has 𝑀 parts, i.e. 𝑟1, ⋅ ⋅ ⋅ , 𝑟𝑀 , which
receive and transmit signals at 𝑓1, ⋅ ⋅ ⋅ , 𝑓𝑀 , respectively, and
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Fig. 2. The comparison of the separate processing (SP) scheme and the
network coding (NC) scheme. Figure (a) shows the separate processing
scheme at the relay. The relay generates the bin indexes for each source
individually. Note that all the variable nodes associated with the bin indexes
𝜙𝑖
1,⋅ ⋅ ⋅ ,𝜙𝑖

𝑀 are degree one. Figure (b) shows the network coding scheme at
the relay. The relay jointly generates a bin index for all the sources according
a network coding scheme ℂ⊕. Note that all the variable nodes associated
with the bin index ℂ⊕(𝜙𝑖

1,⋅ ⋅ ⋅ ,𝜙𝑖
𝑀 ) are degree one.

the destination 𝑑 also receives signals at these 𝑀 orthogonal
frequency bands. We assume that both the sources and the
relay have the same block length 𝑛. We focus on the phase-
fading channels [1] with AWGN, and suppose that the relay
does not know the phase of each source-to-destination channel.
Therefore, there is no coherent superposition between the
signals of a source and the relay.

The physical locations of the sources are assumed to be
randomly distributed around the relay 𝑟. The distance between
𝑠𝑚 and 𝑟 is supposed not to exceed the distance between
𝑠𝑚 and 𝑑. We denote the distance between 𝑠𝑚 and 𝑟, the
distance between 𝑠𝑚 and 𝑑, and the distance between 𝑟 and
𝑑 as 𝑑𝑠𝑟𝑚 , 𝑑𝑠𝑑𝑚 and 𝑑𝑟, respectively. Note that 𝑑𝑠𝑟𝑚 ≤ 𝑑𝑠𝑑𝑚 for
all 𝑚. The pass losses of all the channels are associated
with their distances with the same attenuation exponent 𝛼.
Therefore, the channel coefficients between 𝑠𝑚 and 𝑟, 𝑠𝑚
and 𝑑, 𝑟 and 𝑑 are ℎ𝑠𝑟𝑚 = 𝑒𝑗𝜙

𝑠𝑟
𝑚√

(𝑑𝑠𝑟
𝑚 )𝛼

, ℎ𝑠𝑑𝑚 = 𝑒𝑗𝜙
𝑠𝑑
𝑚√

(𝑑𝑠𝑑
𝑚 )𝛼

, and

ℎ𝑟𝑑𝑚 = 𝑒𝑗𝜙
𝑟𝑑
𝑚√

(𝑑𝑟)𝛼
, respectively. Note that 𝜙𝑠𝑟𝑚 , 𝜙𝑠𝑑𝑚 and 𝜙𝑟𝑑𝑚 are

the received signal phases between the 𝑠𝑚-to-𝑟𝑚 channel, the
𝑠𝑚-to-𝑑 channel, and the 𝑟𝑚-to-𝑑 channel, respectively. All
receivers are assumed to have the same noise power 𝑁 .

Since the 𝑀 sources access the relay 𝑟 and the destination
𝑑 via FDMA, the 𝑀 − 1 − 1 system can be viewed as
𝑀 independent parallel 1 − 1 − 1 systems operating at 𝑀
frequency bands. In this view, the relay separately processes
𝑀 sources’ messages and forwards 𝑀 sources’ bin indexes
at 𝑀 frequency band, respectively. Therefore, we term this
process as separate processing (SP). Let us consider the 𝑚-th
1−1−1 system composed of 𝑠𝑚, 𝑟𝑚 and 𝑑. The conventional
binning scheme [1, 2] for analyzing relay channels can be
utilized to obtain the achievable rate. In this scheme, the
message set of 𝑠𝑚, {1, ⋅ ⋅ ⋅ , 2𝑛𝑅𝑚}, is randomly partitioned
into 2𝑛𝑅

1
𝑚 bins (𝑅1

𝑚 ≤ 𝑅𝑚) of size 2𝑛(𝑅𝑚−𝑅1
𝑚), where 𝑅𝑚

and 𝑅1
𝑚 are the transmission rates of 𝑠𝑚’s messages and the
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messages’ bin indexes at the relay, respectively. According
to [1], the source 𝑠𝑚 transmits the 𝑖-th message 𝜔𝑖

𝑚 with
power 𝑃𝑚, and the relay 𝑟𝑚 transmits the bin index 𝜙𝑖𝑚
with power 𝑃1𝑚. The SP scheme at the relay is shown
in Fig. 2(a), where the Tanner graph for each source’s bin
index encoder is illustrated. Suppose that the messages 𝜔𝑖

𝑚

and 𝜙𝑖𝑚 are encoded by X̄𝑚(𝜔𝑖
𝑚) and X1𝑚(𝜙𝑖𝑚) via random

codebooks of sizes 2𝑛𝑅𝑚 and 2𝑛𝑅
1
𝑚 , respectively. In the 𝑚-th

frequency band, the destination receives the 𝑖-th signal frame
as Y𝑖

𝑚 = X̄𝑚(𝜔𝑖
𝑚) + X1𝑚(𝜙𝑖𝑚) + n𝑖𝑚, where n𝑖𝑚 is the noise

vector observed by the destination at the 𝑚-th frequency band.
Then the achievable rate of the 1−1−1 system with uniform
phase fading channels can be written as [1]

𝑅𝑚 = min

{
log

(
1 +

𝑃𝑚
(𝑑𝑠𝑟𝑚 )𝛼𝑁

)
,

log

(
1 +

𝑃𝑚
(𝑑𝑠𝑑𝑚 )𝛼𝑁

+
𝑃1𝑚

(𝑑𝑟)𝛼𝑁

)}
. (1)

The first item on the right hand side (RHS) of (1) is the mutual
information between 𝑠𝑚 and 𝑟𝑚, i.e. 𝐼(𝑠𝑚; 𝑟𝑚). We denote
𝑅+
𝑚 as the maximum rate of 𝑠𝑚’s messages received at 𝑟𝑚,

then 𝑅+
𝑚 = 𝐼(𝑠𝑚; 𝑟𝑚). The second item on the RHS of the

equation is the mutual information between {𝑠𝑚, 𝑟𝑚} and 𝑑,
i.e. 𝐼(𝑠𝑚, 𝑟𝑚; 𝑑). At the destination, we firstly decode the bin
index messages from the relay by treating 𝑠𝑚’s messages as
noise, and then decode the 𝑠𝑚’s messages by concealing the
bin index messages. Thus, we obtain the maximum rate of the
bin index as 𝑅1

𝑚 = log
(
1 + 𝑃1𝑚

(𝑑𝑟)𝛼(𝑃𝑚/(𝑑𝑠𝑑)𝛼+𝑁)

)
, and the

maximum rate of 𝑠𝑚’s messages at the destination as 𝑅−
𝑚 =

log
(
1 + 𝑃𝑚

(𝑑𝑠𝑑)𝛼𝑁

)
.

The achievable rate of the 𝑀 − 1 − 1 system with SP at
the relay can be derived under the following constraints: (a)
There is no optimization of the sources’ power allocations due
to their distributed nature. (b) At the relay 𝑟, power allocation
is optimized between the 𝑀 parts of the relay, subject to a
total power constraint given by

∑𝑀
𝑚=1 𝑃1𝑚 ≤ 𝑃10, where

𝑃10 is the total power at the relay. The achievable rate of
the 𝑀 − 1 − 1 system with the SP method is the maximal
summation of the rates of all the 1 − 1 − 1 systems among
various power allocation schemes at the relay 𝑟, i.e.

𝑅 = max
𝑃11,⋅⋅⋅ ,𝑃1𝑀

𝑀∑
𝑚=1

min
{
𝑅+
𝑚, 𝑅

1
𝑚 +𝑅−

𝑚

}

≤ max
𝑃11,⋅⋅⋅ ,𝑃1𝑀

min

{
𝑀∑

𝑚=1

𝑅+
𝑚,

𝑀∑
𝑚=1

𝑅1
𝑚 +

𝑀∑
𝑚=1

𝑅−
𝑚

}
.

(2)

To maximize 𝑅, the water filling principle [24] can be utilized
to enhance the total rate of the bin indexes i.e.

∑𝑀
𝑚=1𝑅

1
𝑚 at

the relay. This is a consequence of the use of the 𝑀 parallel
𝑟-to-𝑑 channels. Different from the traditional usage of this
principal, according to (2), extra constraints 𝑅1

𝑚 ≤ 𝑅+
𝑚−𝑅−

𝑚,
𝑚 = 1, ⋅ ⋅ ⋅ ,𝑀 , should be satisfied to optimize 𝑅 in (2). After
the conventional water filling algorithm, if in the 𝑚-th 1−1−1
system, the 𝑃1𝑚 is so large that there is 𝑅1

𝑚 > 𝑅+
𝑚 − 𝑅−

𝑚,
then the rate of the 𝑚-th 1 − 1 − 1 system is bounded by
𝑅+
𝑚. This means that letting 𝑅1

𝑚 > 𝑅+
𝑚 − 𝑅−

𝑚 will waste
the power of the relay. We need to reduce the power 𝑃1𝑚 to
make sure that 𝑅1

𝑚 = 𝑅+
𝑚 − 𝑅−

𝑚 in order to save the power.

The saved power from the 𝑚-th 1 − 1 − 1 system should be
reallocated to other 1−1−1 systems, e.g. the 𝑚′-th 1−1−1
system, 𝑚′ ∕= 𝑚, in which 𝑅1

𝑚′ < 𝑅+
𝑚′ − 𝑅−

𝑚′ . Therefore, to
achieve the maximum rate of the 𝑀 − 1− 1 system, we need
to make sure that 𝑅1

𝑚 ≤ 𝑅+
𝑚−𝑅−

𝑚 for all 𝑚. Then we obtain
a constrained water filling (CWF) algorithm at the relay for
the 𝑀 − 1− 1 system.

Theorem 1: In the 𝑀 − 1 − 1 system with SP, the power
allocation at the relay that obtains the achievable rate is

𝑃1𝑚 =

⎧⎨
⎩
0, log 𝑒

𝜏 ≤ 1
𝑝𝑚

log 𝑒
𝜏 − 1

𝑝𝑚
, 1

𝑝𝑚
< log 𝑒

𝜏 < 𝑑𝑚𝑃𝑚 + 1
𝑝𝑚

𝑑𝑚𝑃𝑚,
log 𝑒
𝜏 ≥ 𝑑𝑚𝑃𝑚 + 1

𝑝𝑚
,

(3)

where 𝑑𝑚 =
(

𝑑𝑟

𝑑𝑠𝑑
𝑚 𝑑𝑠𝑟

𝑚

)𝛼 ((
𝑑𝑠𝑑𝑚

)𝛼 − (𝑑𝑠𝑟𝑚)
𝛼), 𝑝𝑚 =

1
(𝑑𝑟)𝛼(𝑃𝑚/(𝑑𝑠𝑑

𝑚 )𝛼+𝑁)
, 𝜏 = 𝑊 log 𝑒∑

𝑊
𝑤=1

1
𝑝𝑤

+𝑃10
, and 𝑊 ≤ 𝑀 is the

number of sources such that log 𝑒/𝜏 − 1/𝑝𝑚 > 0.
Proof: Add the constraints 𝑅1

𝑚 ≤ 𝑅+
𝑚 − 𝑅−

𝑚, 𝑚 =
1, ⋅ ⋅ ⋅ ,𝑀 , to the proof of conventional water filling algo-
rithm [24], and then we can easily get (3). ■

Regarding LDPC code design for the 𝑀−1−1 system with
SP, since the 𝑀 − 1 − 1 system can be split into 𝑀 parallel
1− 1− 1 systems, we directly apply the design methodology
of bilayer multi-edge type LDPC (BMET-LDPC) codes [7]
to each 1 − 1 − 1 system individually. That is, when the
relay obtains the messages of a source, it only generates the
parity check digits for the source based on the source’s own
messages. Coupling such a code design to the discussion given
above, we see how the achievable rates of the 𝑀−1−1 system
with SP can be readily determined. The achievable rate and
the LDPC code design in the system with SP will be used as
the benchmarks for the comparisons with the achievable rate
and network coded multi-edge type LDPC (NCMET-LDPC)
codes in the system with NC.

III. ACHIEVABLE RATE FOR THE SYSTEM WITH NC

In the 𝑀 − 1− 1 system with NC, the bin index messages
𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 are firstly generated at the relay 𝑟 from the
received signals at all the frequency bands. Then these bin
index messages are encoded by a network coding scheme ℂ⊕
before retransmission by 𝑟. The network coded signals can
be seen as the bin index of the super block composed of the
blocks from all the sources. We denote the network coded
bin index as ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ). Then the network coded bin
index is encoded as X10(ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 )) and transmitted
by 𝑟. At the destination decoder, the successive decoding is
applied. More specifically, ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) is firstly decoded
by treating X̄1(𝜔

𝑖
1), ⋅ ⋅ ⋅ , X̄𝑀 (𝜔𝑖

𝑀 ) as noise. Then X̄1(𝜔
𝑖
1), ⋅ ⋅ ⋅ ,

X̄𝑀 (𝜔𝑖
𝑀 ) are decoded after performing successive interference

cancelation of the bin index signal from the receiving signal.
In the following, we shall show how the 𝑀 − 1 − 1 system
with NC obtains a higher achievable rate than that with SP.
Note that the superscript ‘nc’ is utilized for all the rates in the
system with NC.

Before presenting the achievable rate, we firstly present a
binary field rate-splitting theorem. In the 𝑀 − 1 − 1 system
with NC, coded digits from the sources are superimposed in
the binary field and utilized in the generation of network coded
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Fig. 3. The decomposition of the Tanner graph into two sub-graphs in a two-
source case. The process of decomposition follows the method in Appendix A.

bin index ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) at the relay. We propose the binary
field rate-splitting theorem in order to determine the number
of the digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) allocated to each source.

Since all the blocks have the length 𝑛, we have the number
of digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) is 𝑛𝑅1,nc = 𝑛

∑𝑀
𝑚=1𝑅

1,nc
𝑚 , in

which 𝑛𝑅1,nc
𝑚 is the number of digits allocated to the 𝑚-th

source’s bin index signal X1𝑚(𝜙𝑖𝑚). Different from an SP
scheme, in the NC scheme the number of digits allocated to
X1𝑚(𝜙𝑖𝑚) is not straightforward because each coded digit in
ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) is generated from multiple sources. We call
𝑛𝑅1,nc

𝑚 the effective number of digits for 𝑠𝑚 at the relay 𝑟.
The determination of 𝑛𝑅1,nc

𝑚 can be found by considering the
Tanner graph of the NC scheme. Fig. 2 shows the Tanner
graph of the coding schemes in the 𝑀 − 1 − 1 system with
the SP scheme and the NC scheme. Particulary in Fig. 2(b) we
see that the network coding scheme ℂ⊕ generates the parity
checks for all the sources. The variable nodes for 𝑠𝑚 are
associated with the digits in both the network coded bin index
ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) and 𝑠𝑚’s codeword X̄𝑚(𝜔𝑖

𝑚). Note that the
variable nodes with black circles in Fig. 2(b) are associated
with the digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ). We now present the binary
field rate-splitting theorem.

Theorem 2: In an 𝑀−1−1 system with NC, assuming the
bin index signals 𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 at the relay are network coded
by a coding scheme ℂ⊕ and assuming the relay transmits the
network coded signal ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) to the destination. For
successive decoding, the effective number of digits allocated
to 𝑠𝑚, (i.e. the equivalent number of the bin index digits that
are used at the destination for the decoding of 𝑠𝑚), 𝑛𝑅1,nc

𝑚 , is
computed as

𝑛𝑅1,nc
𝑚 =

𝑑𝑐∑
𝑗=1

𝑗∑
𝑗𝑚=0

𝑗𝑚
𝑗
𝜗𝑗𝑚. (4)

Here, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑑𝑐, is the degree of the check nodes
associated with ℂ⊕, 𝑗𝑚 is the number of edges that emanate
from a degree-𝑗 check node and are connected to the variable
nodes associated with the digits in X̄𝑚(𝜔𝑖

𝑚), and 𝜗𝑗𝑚 is
the number of the degree-𝑗 check nodes with the 𝑗𝑚 edges
connected to the variable nodes associated with the digits in
X̄𝑚(𝜔𝑖

𝑚).
Proof: See Appendix A.
To have a better understanding of Theorem 2, we provide

below an example for a two-source case.
Example: Consider a two-source case where each source

has 4 bits of information. The digits in the two sources
are combined according to the network coding scheme ℂ⊕
shown in Fig. 3. The network code produces 4 coded digits.
According to Appendix A, we split the whole graph into two
subgraphs as shown in Fig. 3.

In the example, there are 𝑛𝑅1,nc = 𝑛𝑅1,nc
1 + 𝑛𝑅1,nc

2 = 4
check nodes and we can easily determine their degrees as 𝑗 =
5, 6, 4, 4. In the successive decoding scheme, both the variable
nodes associated with the digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) and the
edges connected to them are deleted from the graph. This is
because ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) is decoded firstly at the destination.
In this case, we get that 𝑗 = 4, 5, 3, 3, 𝑗1 = 3, 3, 2, 1, and
𝑗2 = 1, 2, 1, 2. Therefore, the effective numbers of digits for
the two sources are 𝑛𝑅1,nc

1 = 3/4+ 3/5+ 2/3+ 1/3 = 2.35,
and 𝑛𝑅1,nc

2 = 1/4 + 2/5 + 1/3 + 2/3 = 1.65, respectively.■
We now turn to the achievable rate for the 𝑀 − 1 − 1

system with NC. Recall that in the 𝑀 − 1 − 1 system with
SP, the achievable rate is obtained by the constrained water
filling algorithm with the constraints 𝑅1

𝑚 ≤ 𝑅+
𝑚 − 𝑅−

𝑚 met
by the power allocation at the relay 𝑟. However, in the
system with NC, the bin index signals for all the sources
are combined according to the NC scheme, and the coded
bin index signals are transmitted in the 𝑀 parallel 𝑟-to-𝑑
channels. In this case, the constraints 𝑅1

𝑚 ≤ 𝑅+
𝑚 − 𝑅−

𝑚

are satisfied by the rate allocation (with the network coding
scheme ℂ⊕) rather than the power allocation. Therefore, in the
system with NC, we can apply the conventional water filling
algorithm to the relay 𝑟 to maximize

∑𝑀
𝑚=1𝑅

1,nc
𝑚 without any

extra power constraint. Obviously, the value of
∑𝑀

𝑚=1𝑅
1,nc
𝑚

achieved by the conventional water filling algorithm is larger
than

∑𝑀
𝑚=1𝑅

1
𝑚 achieved by the constrained water filling

algorithm. After obtaining the optimal
∑𝑀

𝑚=1𝑅
1,nc
𝑚 by the

conventional water filling algorithm, we can design the coding
scheme ℂ⊕ to guarantee that

𝑅nc = min

{∑𝑀

𝑚=1
𝑅+
𝑚,

∑𝑀

𝑚=1
𝑅1,nc
𝑚 +

∑𝑀

𝑚=1
𝑅−
𝑚

}
.

(5)
Now we compare the achievable rates in the 𝑀 − 1 − 1

system with SP and NC. We conclude that if 𝑅nc is dominated
by the first item on the RHS of (5), the system with NC has the
same achievable rate as that of the system with SP. If, on the
other hand, 𝑅nc is dominated by the second item on the RHS
of (5), the system with NC can obtain a higher achievable rate
than that of the system with SP.

A. Numerical Results

We now provide numerical results for the achievable rates
for the 𝑀 − 1 − 1 system with SP and NC. We consider an
example of the system as shown in Fig. 4 with 𝑀 = 5 and an
attenuation exponent 𝛼 = 2. Successive decoding is applied
at the destination. All sources are randomly distributed in a
circle with radius 0.5, where distance between the center of
the circle and 𝑑 is normalized to 1. We also assume that the
initial position of 𝑟 is at the center of the circle, and can
only move along the line from the center of the circle to 𝑑.
The value of 𝑑𝑠𝑟𝑚 is uniformly distributed in the range (0, 0.5)
and the angle 𝜑𝑚 is uniformly distributed in the range (0, 2𝜋]
when the relay is at its initial position. We consider the total
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Fig. 4. The geographical distributions of the sources, the relay and the
destination. The distance between the relay and the destination is 1. All the
sources are randomly distributed in a circle with radius 0.5.

power of 𝑟 as 𝑃10 = 1, 6, 11 and the noise power spectral
densities at all the receivers are all set to 𝑁 = 1. We study
the achievable rates of the 𝑀 − 1− 1 system with SP and NC
under various locations of 𝑟.

Fig. 5 shows the achievable rates of the system with 2
different power allocation schemes, which are outlined below.
(1) Separate processing with constrained water filling algo-
rithm (SP); (2) Network coding with traditional water filling
algorithm plus the binary field rate-splitting approach (NC).
In the simulation, we assume that the power of each source
is uniformly distributed from 1 to 10. From the simulations,
we can see that the achievable rate of the system with NC is
always greater than or equal to that of the system with SP. In
addition, when relay is closer to the destination, the SP scheme
and the NC scheme have the same rate. This is because that
when relay-to-destination channel is good, the constraint water
filling algorithm is equivalent to the traditional water filling
algorithm.

IV. NETWORK CODED MULTI-EDGE TYPE LDPC CODES

In this section we propose a novel code structure for
𝑀−1−1 systems, named NCMET-LDPC codes, to approach
the achievable rate. The methodology relating to the design
of the multi-edge type LDPC codes can be applied to the
code design of systems with asymmetric channels. In our
system, all the channels may have different achievable rates,
and all the transmitted symbols are modulated by BPSK. In
our code design we do not consider the error propagation
in the 𝑠-to-𝑟 channels and 𝑟-to-𝑑 channels. That is, 𝑟 can
successfully decode the messages from all the sources, and 𝑑
can successfully decode the bin index messages from 𝑟. Note
that in the code design, we choose the code rates to be the
same as the corresponding achievable rates. In the following
code design, we denote 𝑅 with different superscripts as the
code rates. We first review the code structure of the multi-edge
type LDPC codes.

A. Multi-edge Type LDPC Codes

The principle of multi-edge type LDPC codes is to introduce
more than one edge type to the Tanner graph [5]. A multi-edge

Fig. 5. The achievable rate as a function of distance. The power of each
source is uniformly distributed from 1 to 10. The distance is that between 𝑟
and the center of the circle.

type ensemble is determined by the degree types of both the
check nodes and the variable nodes in the Tanner graph. From
a check node point of view, its degree type contains one vector
called the edge degree. This is a vector of integers of length
𝑛𝑙, where 𝑛𝑙 is the number of edge types. The 𝑖-th entry of this
vector records the number of edges of the 𝑖-th type connected
to this check node. The degree type of a variable node has
two vectors. The first vector, called the received degree vector,
represents the received distribution. The length of this vector
is 𝑛𝜏 , where 𝑛𝜏 is the number of different channels over which
a signal may be transmitted. The second vector, called edge
degree vector, has the similar definition as that of a check
node. The length of this vector is 𝑛𝑙.

The multi-edge type ensemble can be specified through
two polynomials, one is associated to variable nodes, and
the other is associated to check nodes. The polynomials are
given by 𝑣(r, x) =

∑
𝑣b,drbxd and 𝜇(x) =

∑
𝜇dxd, where

d = [𝑑1, 𝑑2, ⋅ ⋅ ⋅ , 𝑑𝑛𝑙
] and b = [𝑏0, 𝑏1, ⋅ ⋅ ⋅ , 𝑏𝑛𝜏 ] are the edge

degree and the received degree vectors with a length 𝑛𝑙 and
𝑛𝜏 + 1, respectively. Note that in vector b, the first element
𝑏0 is utilized to indicate punctured variables. Correspondingly,
x = [𝑥1, ⋅ ⋅ ⋅ , 𝑥𝑛𝑙

] and r = [𝑟0, 𝑟1, ⋅ ⋅ ⋅ , 𝑟𝑛𝜏 ] denotes variable
vectors related to d and b, respectively, and xd =

∏𝑛𝑙

𝑗=1𝑥
𝑑𝑗

𝑗

and rb =
∏𝑛𝜏

𝑗=0 𝑟
𝑏𝑗
𝑗 . The coefficients 𝑣b,d and 𝜇d are non-

negative reals, which correspond to the percentage of variable
nodes with type (b, d) and check nodes with type (d),
respectively. For more details on multi-edge type LDPC codes
please refer to [5].

B. Structure of NCMET-LDPC Codes

The structure of the NCMET-LDPC codes is shown in
Fig. 6. The Tanner graph of Fig. 6 contains a lower part,
representing 𝑀 LDPC codes for the 𝑀 sources, and an upper
part representing the network code at the relay. In Fig. 6,
the circles in different rectangles represent the variable nodes
associated with the digits of different sources, the boxes in
different rectangles of the lower graph represent the check
nodes within different sources themselves, and the boxes in
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Fig. 6. The code structure of NCMET-LDPC codes.

the rectangles of the upper graph represent the network coded
check nodes within the relay 𝑟. Note that here we consider
the successive decoding scheme, that is, we assume that (𝜙𝑖1,
⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) can be recovered firstly. Thus, the variable nodes
associated with the digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) and the edges
connected to them can be deleted from the Tanner graph.
We represent the different edge types as ℰ with different
subscripts. For example, the edge type of the lower graph of
𝑠𝑚 is denoted as ℰ1𝑚 and the edge type of the upper graph
of 𝑠𝑚 is denoted as ℰ2𝑚.

Following the same design methodology of conventional
bilayer LDPC codes in the 1 − 1 − 1 system, the multi-
edge type LDPC code design for an 𝑀 − 1 − 1 system
begins with the optimization of the lower graph in Fig. 6 at
rates 𝑅+

1 , ⋅ ⋅ ⋅ , 𝑅+
𝑀 for 𝑠1, ⋅ ⋅ ⋅ , 𝑠𝑀 , respectively. The lower

graph ensemble of the multi-edge type LDPC codes for 𝑠𝑚
is represented by 𝑣𝑚(r, x) = 𝑟1

∑𝑑𝑣1,𝑚

𝑑1𝑚=1 𝑣[0,1],[𝑑1𝑚]𝑥
𝑑1𝑚
1𝑚 and

𝜇𝑚(x) =
∑𝑑𝑐1,𝑚

𝑑1𝑚=1 𝜇[𝑑1𝑚]𝑥
𝑑1𝑚
1𝑚 , where 𝑟1 is the second element

of the vector r and 𝜇[𝑑1𝑚] is the fraction of degree-𝑑1𝑚
check-nodes within the lower graph corresponding to 𝑠𝑚.
Corresponding to the polynomials of multi-edge type LDPC
codes, we have the vector b = [0, 1], which means that all
variable nodes associated with the digits of 𝑠𝑚 are transmitted
through the 𝑠𝑚 → 𝑟𝑚 channel (𝑏1 = 1) at rate 𝑅+

𝑚 and there
are no punctured variables (𝑏0 = 0) in the codeword of the
𝑚-th lower graph, i.e. the lower graph for 𝑠𝑚. We have vector
d = [𝑑1,𝑚] which contains only one element 𝑑1𝑚 since there
is only one edge type for each source’s code. We use 𝑑1𝑚 to
represent both the degree of variable nodes (maximum value
𝑑𝑣1,𝑚) and the degree of check nodes (maximum value 𝑑𝑐1,𝑚)
belonging to 𝑠𝑚. Since all the blocks transmitted by 𝑠𝑚 and
𝑟𝑚 have the same length 𝑛, the value 𝑣b,d𝑛 is the number of
variable nodes of type (b, d) and 𝜇d𝑛 is the number of check
nodes of the type (d) in the lower graph. The code rate of
𝑚-th lower graph is 𝑅+

𝑚 = 1−∑𝑑𝑐1,𝑚

𝑑1𝑚=1 𝜇[𝑑1𝑚].

In the following, we consider the code ensembles of the
overall graph for 𝑠𝑚. For the NC scheme ℂ⊕, the relay trans-
mits the network coded parity check digits to the destination
within the total rate 𝑅1,nc =

∑𝑀
𝑚=1𝑅

1,nc
𝑚 . There are 𝑛𝑅1,nc

𝑚

effective digits allocated to 𝑠𝑚. According to Theorem 2, we
can determine the value of 𝑛𝑅1,nc

𝑚 and then decompose the
overall graph in Fig. 6 into 𝑀 sub-graphs. The 𝑚-th sub-
graph for 𝑠𝑚 contains the edge type ℰ1𝑚 in its lower sub-graph
and the edge type ℰ2𝑚 in its upper sub-graph. Therefore, the

polynomials of the 𝑚-th sub-graph are given by

𝑣𝑚(r, x) = 𝑟1

𝑑𝑣1,𝑚∑
𝑑1𝑚=1

𝑑𝑣2,𝑚∑
𝑑2𝑚=0

𝑣[0,1],[𝑑1𝑚,𝑑2𝑚]𝑥
𝑑1𝑚
1𝑚 𝑥𝑑2𝑚

2𝑚 ,

𝜇𝑚(x) =
𝑑𝑐1,𝑚∑
𝑑1𝑚=1

𝜇[𝑑1𝑚,0]𝑥
𝑑1𝑚
1𝑚 +

𝑑𝑐2,𝑚∑
𝑑2𝑚=1

𝜇[0,𝑑2𝑚]𝑥
𝑑2𝑚
2𝑚 .

(6)

Vector b = [0, 1] of (6) remains similar to the ensemble of
the 𝑚-th lower graph, which means that for the 𝑚-th sub-
graph ensemble, all the variable nodes associated with the
digits of 𝑠𝑚 are transmitted through the 𝑠𝑚 → 𝑑 channel
(𝑏1 = 1) at the rate 𝑅−

𝑚, and there are no punctured variables
(𝑏0 = 0). Vector [𝑑1𝑚, 𝑑2𝑚] in (6) means that there are two
edge types connected to a variable node in the 𝑚-th sub-graph,
with 𝑑1𝑚 and 𝑑2𝑚 denoting the variable node degree of the
two edge types ℰ1𝑚 and ℰ2𝑚, respectively. Vector [𝑑1𝑚, 0]
means that there are only one edge type, i.e. ℰ1𝑚, connected to
a check node in the 𝑚-th lower sub-graph, with 𝑑1𝑚 denoting
the check node degree of the edge type ℰ1𝑚. Vector [0, 𝑑2𝑚]
means that there are only one edge type, i.e. ℰ2𝑚, connected to
a check node in the 𝑚-th upper sub-graph, with 𝑑2𝑚 denoting
the check node degree of the edge type ℰ2𝑚. The maximum
edge numbers of ℰ𝑘𝑚, (𝑘 = 1, 2) connected to a variable node
and a check node are 𝑑𝑣𝑘,𝑚 and 𝑑𝑐𝑘,𝑚, respectively.

For the upper graph in Fig. 6, its ensemble is determined by
the NC scheme ℂ⊕ at 𝑟. Here, we introduce the polynomial
associated to the check nodes in the upper graph from the
overall graph point of view, that is,

𝜇(x) =
𝑑𝑐2,1∑
𝑑21=0

⋅ ⋅ ⋅
𝑑𝑐2,𝑀∑
𝑑2𝑀=0

𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]𝑥
𝑑21
21 ⋅ ⋅ ⋅𝑥𝑑2𝑀

2𝑀 , (7)

where vector d = [𝑑21, ⋅ ⋅ ⋅ , 𝑑2𝑀 ] represents 𝑀 edge types
connected to the check nodes in the upper graph. We denote
the numbers 𝑑21, ⋅ ⋅ ⋅ , 𝑑2𝑀 as the edge numbers of ℰ21,
⋅ ⋅ ⋅ , ℰ2𝑀 that are connected to a check node in the upper
graph, respectively. The coefficient 𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ] is uniquely
determined by ℂ⊕. The relationship between 𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ] in
(7) and 𝜇[0,𝑑2𝑚] for the 𝑚-th sub-graph in (6) is

𝜇[0,𝑑2𝑚] =
∑
∼𝑑2𝑚

𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ], where

∑
∼𝑑2𝑚

=

𝑑𝑐2,1∑
𝑑21=0

⋅ ⋅ ⋅
𝑑𝑐2,𝑚−1∑

𝑑2(𝑚−1)=0

𝑑𝑐2,𝑚+1∑
𝑑2(𝑚+1)=0

⋅ ⋅ ⋅
𝑑𝑐2,𝑀∑
𝑑2𝑀=0

.

(8)

Based on the polynomial of (7), we have the overall
code rate from the relay to the destination as 𝑅1,nc =∑𝑑𝑐2,𝑚

𝑑2𝑚=0

∑
∼𝑑2𝑚

𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]. In the next step, we determine
𝑅1,nc
𝑚 for all 𝑚. Since each check node in the upper graph

is shared by multiple sources, the value of 𝑛
∑𝑑𝑐2,𝑚

𝑑2𝑚=1𝜇[0,𝑑2𝑚]

is the number of check nodes that have at least one edge
belonging to type ℰ2𝑚. Therefore, we have the following
inequality as 𝑅1,nc

𝑚 ≤ ∑𝑑𝑐2,𝑚

𝑑2𝑚=1

∑
∼𝑑2𝑚

𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]. Recall
that we have presented how to determine the effective parity
check nodes for a network coding scheme ℂ⊕ in Theorem 2.
Since we consider the successive decoding scheme at the
destination, that is, the parity check digits are firstly decoded,
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we can calculate 𝑛𝑅1,nc
𝑚 according to Theorem 2 as

𝑅1,nc
𝑚 =

𝑑𝑐2,𝑚∑
𝑑2𝑚=1

∑
∼𝑑2𝑚

𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]𝑑2𝑚∑𝑀
𝑙=1𝑑2𝑙

. (9)

As mentioned in Section II, the network coding scheme ℂ⊕
should be designed to satisfy the achievable rate as given by
(5). In order to clarify the presentation, we assume 𝑅+

𝑚 =
𝑅1,nc
𝑚 + 𝑅−

𝑚 for all the 𝑀 sources. At the destination, the
code rate of 𝑠𝑚 than can be successfully decoded is

𝑅−
𝑚 = 𝑅+

𝑚 −𝑅1,nc
𝑚

= 1−
𝑑𝑐1,𝑚∑
𝑑1𝑚=1

𝜇[𝑑1𝑚,0] −
𝑑𝑐2,𝑚∑
𝑑2𝑚=1

∑
∼𝑑2𝑚

𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]𝑑2𝑚∑𝑀
𝑙=1𝑑2𝑙

.

(10)

In addition, there are some other constraints that should
be satisfied by the code. Firstly, there are degree constraints
between the variable nodes and the check nodes for the 𝑚-
th lower graph and the 𝑚-th sub-graph, respectively. That
is, the total edges connected to the variable nodes are equal
to the total edges connected to the check nodes. Therefore,
we have

∑𝑑𝑐1,𝑚

𝑑1𝑚=1
𝜇[𝑑1𝑚]𝑑1𝑚 =

∑𝑑𝑣1,𝑚

𝑑1𝑚=1
𝑣[0,1],[𝑑1𝑚]𝑑1𝑚 and∑𝑑𝑐2,𝑚

𝑑2𝑚=1 𝜇[0,𝑑2𝑚]𝑑2𝑚 =
∑𝑑𝑣1,𝑚

𝑑1𝑚=1

∑𝑑𝑣2,𝑚

𝑑2𝑚=0
𝑣[0,1],[𝑑1𝑚,𝑑2𝑚]𝑑2𝑚.

The other constraints are the relationship between the 𝑚-th
lower graph and the 𝑚-th sub-graph, i.e. 𝜇[𝑑1𝑚] = 𝜇[𝑑1𝑚,0]

and 𝑣[0,1],[𝑑1𝑚] =
∑𝑑𝑣2,𝑚

𝑑2,𝑚=0
𝑣[0,1],[𝑑1𝑚,𝑑2𝑚].

Here, we define some parameters, which will be used in
the EXIT analysis in the next section. Firstly, we define
𝜆𝑘𝑚[𝑑1𝑚,𝑑2𝑚], 𝑘 = 1, 2, as the percentage of the edges with the
type ℰ𝑘𝑚, which are connected to the variable nodes with
degree vector [𝑑1𝑚, 𝑑2𝑚]. Then we have

𝜆𝑘𝑚[𝑑1𝑚,𝑑2𝑚] =
𝑣[0,1],[𝑑1𝑚,𝑑2𝑚]𝑑𝑘𝑚∑𝑑𝑣1,𝑚

𝑑1𝑙=1

∑𝑑𝑣2,𝑚

𝑑2𝑙=0
𝑣[0,1],[𝑑1𝑙,𝑑2𝑙]𝑑𝑘𝑙

. (11)

We define 𝜆𝑚[𝑑1𝑚,𝑑2𝑚] as the percentage of the edges connected
to the variable nodes with degree vector [𝑑1𝑚, 𝑑2𝑚]. These
latter edges come from either type ℰ1𝑚 or type ℰ2𝑚. Then we
have

𝜆𝑚[𝑑1𝑚,𝑑2𝑚] =
𝑣[0,1],[𝑑1𝑚,𝑑2𝑚](𝑑1𝑚 + 𝑑2𝑚)∑𝑑𝑣1,𝑚

𝑑1𝑙=1

∑𝑑𝑣2,𝑚

𝑑2𝑙=0
𝑣[0,1],[𝑑1𝑙,𝑑2𝑙](𝑑1𝑙 + 𝑑2𝑙)

. (12)

We also define 𝜌1,𝑚[𝑑1𝑚] as the percentage of the edges in the
type ℰ1𝑚, which are connected to the check nodes in the 𝑚-th
lower sub-graph with degree vector [𝑑1𝑚], that is,

𝜌1𝑚[𝑑1𝑚] =
𝜇[𝑑1𝑚]𝑑1𝑚∑𝑑𝑐1,𝑚

𝑑1𝑙=1
𝜇[𝑑1𝑙]𝑑1𝑙

. (13)

Finally, we define 𝜌2𝑚[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ] as the percentage of the edges
of the type ℰ2𝑚, which are connected to the check nodes in
the upper graph with degree vector [𝑑21, ⋅ ⋅ ⋅ , 𝑑2𝑀 ], that is,

𝜌2𝑚[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ] =
𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]𝑑2𝑚∑𝑑𝑐2,𝑚

𝑑2𝑙=0𝜇[0,𝑑2𝑙]𝑑2𝑙
. (14)

Since the blocks of all the sources are connected by the NC
scheme, we can view these blocks as a super block. In the
next section, we will optimize the NC scheme for the system.

V. EXIT ANALYSIS AND CODES PROFILE OPTIMIZATION

For turbo and LDPC codes, EXIT charts can characterize
the extrinsic mutual information (EMI) between the input and
the output of the component decoders. EXIT charts can also
facilitate the analysis of the coding schemes and aid in the
construction of optimum codes ensembles. In this section,
we exploit the EXIT functions [21–23] to design the optimal
NCMET-LDPC codes for the 𝑀 − 1− 1 system.

We notice that in the conventional EXIT chart analysis,
the calculated EMI values at the check nodes in [22] are
always larger than the exact values [25]. This is because of
the assumption that the EMI produced by the check nodes
follows a Gaussian distribution. In [26, 27], the authors give a
more accurate method of the calculation of the EMI produced
by the check nodes. Utilizing this method, we propose a new
approach to the EXIT analysis for the NCMET-LDPC codes,
and then present how to optimize the code profiles based on
EXIT charts.

A. EMI Propagation Model

Since the codeword digits of different sources experience
different channel conditions, we average the EMI in each edge
type when computing EMI. We denote the variable nodes set
associated with the codeword digits of 𝑠𝑚 as 𝑉𝑚, the check
nodes set associated with the parity check digits of 𝑠𝑚 in the
𝑚-th lower graph as 𝐶1𝑚, and the shared check nodes set
associated with the network coded parity check digits of the
relay in the upper graph as 𝐶2. The mutual information of the
𝑠𝑚 → 𝑑 channel is denotes as 𝐼𝑚𝑐ℎ. Since 𝑉𝑚 is connected
to two edge types, i.e. ℰ1𝑚 and ℰ2𝑚, we define four kinds of
EMI as follows [23].

1. 𝐼1𝑚𝐸𝑣 : The EMI between the message sent from 𝑉𝑚 to
𝐶1𝑚 and the associated codeword digit, on each edge of the
type ℰ1𝑚 connecting 𝑉𝑚 to 𝐶1𝑚;

2. 𝐼2𝑚𝐸𝑣 : The EMI between the message sent from 𝑉𝑚 to 𝐶2

and the associated codeword digit, on each edge of the type
ℰ2𝑚 connecting 𝑉𝑚 to 𝐶2;

3. 𝐼1𝑚𝐸𝑐 : The EMI between the message sent from 𝐶1𝑚 to
𝑉𝑚 and the associated codeword digit, on each edge of the
edge type ℰ1𝑚 connecting 𝐶1𝑚 to 𝑉𝑚;

4. 𝐼2𝑚𝐸𝑐 : The EMI between the message sent from 𝐶2 to 𝑉𝑚
and the associated codeword digit, on each edge of the edge
type ℰ2𝑚 connecting 𝐶2 to 𝑉𝑚.

Also note that the EMI on an edge connecting 𝑉𝑚 to
𝐶1𝑚 (or 𝐶2), at the output of the variable node, is the
a-priori mutual information (AMI) for 𝐶1𝑚 (or 𝐶2), i.e.
𝐼1𝑚𝐸𝑣 = 𝐼1𝑚𝐴𝑐 (or 𝐼2𝑚𝐸𝑣 = 𝐼2𝑚𝐴𝑐 ). Similarly, the EMI on an edge
connecting 𝐶1𝑚 (or 𝐶2) to 𝑉𝑚, at the output of the check
node, is the AMI for 𝑉𝑚, i.e. 𝐼1𝑚𝐸𝑐 = 𝐼1𝑚𝐴𝑣 (or 𝐼2𝑚𝐸𝑐 = 𝐼2𝑚𝐴𝑣 ).

B. EXIT Analysis for the NCMET-LDPC codes

The EXIT function for variable nodes and check nodes in
an AWGN channel was introduced in [22]. For the signals
transmitted by 𝑠𝑚, we define (1/𝜎𝑚)2 as the received signal-
to-noise ratio (SNR) at the destination. For the log-likelihood
ratio (LLR) obtained at the output of the 𝑠𝑚 → 𝑑 channel,
we denote its variance as (𝜎𝑚𝑐ℎ)

2 [21]. Therefore, we have the
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relationship 𝜎𝑚𝑐ℎ = 2/𝜎𝑚. Since each source transmits BPSK
symbols, we use 𝐽(𝜎𝑚𝑐ℎ) to represent the mutual information
of a binary input additive Gaussian noise channel, which is
given by [21]

𝐽(𝜎𝑚𝑐ℎ) = 1−
∫ +∞

−∞

𝑒−(𝜉−(𝜎𝑚
𝑐ℎ)

2/2)2/2(𝜎𝑚
𝑐ℎ)

2

√
2𝜋𝜎𝑚𝑐ℎ

⋅ log2(1+𝑒−𝜉)d𝜉

(15)
where the integral variable 𝜉 represents the LLR value of the
channel. We now construct the following iterative process for
EMI.

1. Initialization
We initialize that 𝐼𝑚𝑐ℎ = 𝐽(𝜎𝑚𝑐ℎ), for 𝑚 = 1, ⋅ ⋅ ⋅ , 𝑀 .
2. Variable nodes to check nodes update
For 𝑚 = 1, ⋅ ⋅ ⋅ , 𝑀 , 𝑘 = 1, 2, and 𝑘 = 3− 𝑘, we have

𝐼𝑘𝑚𝐸𝑣 =

𝑑𝑣𝑘,𝑚∑
𝑑𝑘𝑚=1

𝑑𝑣�̄�,𝑚∑
𝑑�̄�𝑚=0

𝐽

(√
𝜑𝑘𝑚𝑉

)
𝜆𝑘𝑚[𝑑𝑘𝑚,𝑑�̄�𝑚], (16)

where 𝜑𝑘𝑚𝑉 = (𝑑𝑘𝑚 − 1)
(
𝐽−1

(
𝐼𝑘𝑚𝐴𝑣

))2
+

𝑑�̄�𝑚

(
𝐽−1

(
𝐼 �̄�𝑚𝐴𝑣

))2

+
(
𝐽−1 (𝐼𝑚𝑐ℎ)

)2
.

3. Check nodes to variable nodes update
To obtain the accurate EMI value at the check nodes, we

follow the method in [26, 27]. According to [26, 27], we define
the function 𝐹𝑗(𝜎) as follows.

𝐹𝑗(𝜎) =

∫ +1

−1

2𝜁2𝑗

(1− 𝜁2)
√
2𝜋𝜎

𝑒−
(
ln

1+𝜁
1−𝜁

−𝜎2

2

)2

2𝜎2 d𝜁, (17)

where the integral variable 𝜁 represents the “soft bit” message
corresponding to the LLR message 𝜉𝜁 by 𝜁 = tanh((𝜉𝜁)/2).
Then the EMI on an edge type ℰ1𝑚 connecting 𝐶1𝑚 to 𝑉𝑚,
at the output of the check node is

𝐼1𝑚𝐸𝑐 =
1

ln 2

𝑑𝑐1,𝑚∑
𝑑1𝑚=1

∞∑
𝑗=1

(
𝐹𝑗

(
𝐽−1(𝐼1𝑚𝐴𝑐 )

) )𝑑1𝑚−1

2𝑗(2𝑗 − 1)
𝜌1𝑚[𝑑1𝑚]. (18)

The EMI on an edge type ℰ2𝑚 connecting 𝐶2 to 𝑉𝑚 at the
output of the check node is more complicated since more than
one source participates in the generation of 𝐶2. We have

𝐼2𝑚𝐸𝑐 =
1

ln 2

𝑑𝑐2,𝑚∑
𝑑2𝑚=1

∑
∼𝑑2𝑚

∞∑
𝑗=1

𝜌2𝑚[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]

2𝑗(2𝑗 − 1)

(
𝐹𝑗

(
𝐽−1(𝐼2𝑚𝐴𝑐 )

) )𝑑2𝑚−1 𝑀∏
𝑚′=1
𝑚′ ∕=𝑚

(
𝐹𝑗

(
𝐽−1(𝐼2𝑚

′
𝐴𝑐 )

))𝑑2𝑚′
.

(19)

After the update from check nodes to variable nodes, go to
step 2 and begin the next round iteration. In each iteration
process, we make 𝐼𝑘𝑚𝐴𝑣 = 𝐼𝑘𝑚𝐸𝑐 and 𝐼𝑘𝑚𝐴𝑐 = 𝐼𝑘𝑚𝐸𝑣 for 𝑘 = 1, 2.

4. Output and decision
At the end of the iteration, we get the output of the mutual

information between the 𝑉𝑚 and the associated codeword
digits denoted as 𝐼𝑚. For 𝑚 = 1, ⋅ ⋅ ⋅ , 𝑀 , we have

𝐼𝑚𝑉 =

𝑑𝑣1,𝑚∑
𝑑1𝑚=1

𝑑𝑣2,𝑚∑
𝑑2𝑚=0

𝜆𝑚[𝑑1𝑚,𝑑2𝑚]𝐽
(√

𝜑𝑚𝑉
)
, (20)

where 𝜑𝑚𝑉 = 𝑑1𝑚
(
𝐽−1

(
𝐼1𝑚𝐴𝑣

))2
+ 𝑑2𝑚

(
𝐽−1

(
𝐼2𝑚𝐴𝑣

))2
+(

𝐽−1 (𝐼𝑚𝑐ℎ)
)2

. We make the prediction of a successful decod-
ing based on whether 𝐼𝑚𝑉 approaches to 1, 𝑚 = 1, ⋅ ⋅ ⋅ , 𝑀 .

C. Code Design and Optimization

In the code design for the proposed NCMET-LDPC codes,
we firstly fix the lower graph codes of all sources by choosing
the optimal point-to-point LDPC code to approach the rate
𝑅+
𝑚. Then we optimize the overall graph to approach the

achievable rate of the whole system. The code optimization
involves finding the optimal degree distributions of the vari-
able nodes associated with the digits of each source, i.e.
𝑣[0,1],[𝑑1𝑚,𝑑2𝑚] for 𝑠𝑚, and the optimal check node degree
distribution 𝜇[𝑑21,⋅⋅⋅ ,𝑑2𝑀 ]. The optimization problem is to
maximize the system threshold, which is explained as follows.
Since the mutual information of the 𝑠𝑚 → 𝑑 channel is 𝐽( 2

𝜎𝑚
)

and all the sources have the same block length, we compute
the system mutual information as the average of the channel
mutual information of all the sources. We can therefore write
the system threshold as

𝜎𝑠𝑦𝑠 =
2

𝐽−1
(

1
𝑀

∑𝑀
𝑚=1 𝐽

(
2
𝜎𝑚

)) . (21)

Then the optimization problem is formulated as maximizing
𝜎𝑠𝑦𝑠, subject to 𝐼(𝑚) → 1, for 𝑚 = 1, ⋅ ⋅ ⋅ ,𝑀 .

VI. SIMULATIONS

We compare our code designs for NC with known SP
schemes. We ensure that in both the NC and the SP schemes
the sources’ blocks (codewords) all have the same length.
We also ensure that the relay (in both schemes) utilizes
the same number of additional bits. Finally, we ensure the
achievable rates for the two schemes are the same. These three
conditions in turn, ensure that the number of bits being used
at the receiver is the same for both the NC and SP schemes
- thus allowing a direct and fair comparison. The detailed
comparisons we investigate are for a 2 − 1 − 1 relay system
and a 3−1−1 relay system, where the sources’ and the relay’s
block lengths are set to 𝑛 = 104. All signals are assumed to
be BPSK modulated.

For each single-source relay system, we choose one of the
following three rate groups (RGs).

RG 1: 𝑅+
1 = 0.7, 𝑅−

1 = 0.5, and 𝑅1
1 = 0.2.

RG 2: 𝑅+
2 = 0.58, 𝑅−

2 = 0.38, and 𝑅1
2 = 0.2.

RG 3: 𝑅+
3 = 0.7, 𝑅−

3 = 0.38, and 𝑅1
3 = 0.32.

We choose the three rate groups so that (a) RG 1 and RG
2 have the same 𝑅1; (2) RG 1 and RG 3 have the same
𝑅+; (3) RG 2 and RG 3 have the same 𝑅−. There are three
combinations of these RGs for the 2− 1− 1 two-source relay
system. We will consider the following three cases:

Case 1: The two 1− 1− 1 systems have the RG 1 and RG
2, respectively.

Case 2: The two 1− 1− 1 systems have the RG 1 and RG
3, respectively.

Case 3: The two 1− 1− 1 systems have the RG 3 and RG
2, respectively.

For the 3 − 1 − 1 system, we will consider the following
case:
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TABLE I
THE NODE DISTRIBUTIONS OF THE NCMET-LDPC CODE AND THE BMET-LDPC CODE FOR CASE 1.

NCMET-LDPC code (CODE-D):NC BMET-LDPC code (CODE-AB):SP
Rate Group 1 Rate Group 2 Rate Group 1 Rate Group 2

Variable Node Distribution Variable Node Distribution
𝑣[0,1][𝑑11,𝑑21] ℰ11 ℰ21 𝑣[0,1][𝑑12,𝑑22] ℰ12 ℰ22 𝑣[0,1][𝑑11,𝑑21] ℰ11 ℰ21 𝑣[0,1][𝑑12,𝑑22] ℰ12 ℰ22
0.244225 2 0 0.3289203 2 0 0.247137 2 0 0.343893 2 0
0.1531552 2 1 0.0772109 2 1 0.143731 2 1 0.115366 2 1
0.0209422 2 7 0.0531292 2 2 0.027432 2 6 0.17937 3 0
0.1930021 3 0 0.145309 3 0 0.191186 3 0 0.13334 3 1
0.138759 3 3 0.0149215 3 1 0.135883 3 1 0.0158 6 3
0.058304 6 0 0.123802 3 2 0.004730 3 3 0.02901 6 11
0.0109062 6 7 0.0286741 3 14 0.025454 6 3 0.1223 7 2

0.000131148 6 21 0.0346943 6 0 0.043946 6 9 0.0314072 20 1
0.05680712 7 0 0.0101216 6 2 0.071606 7 1 0.029511 20 4
0.047728 7 2 0.092595 7 0 0.032894 7 2
0.0556525 20 3 0.0297043 7 7 0.039999 20 2
0.0203505 20 7 0.0165257 20 0 0.036001 20 7

0.00437642 20 1
0.0400163 20 3

Check Node Distribution in Lower Graph Check Node Distribution in Lower Graph
𝜇[𝑑11,0] ℰ11 𝜇[𝑑12,0] ℰ12 𝜇[𝑑11,0] ℰ11 𝜇[𝑑12,0] ℰ12

0.3 15 0.42 10 0.3 15 0.42 10

Check Node Distribution in Upper Graph Check Node Distribution in Upper Graph

𝜇[𝑑21,𝑑22] ×
𝑅1

1

𝑅1
1+𝑅1

2
ℰ21 𝜇[𝑑21,𝑑22] ×

𝑅1
2

𝑅1
1+𝑅1

2
ℰ22 𝜇[0,𝑑21] ℰ21 𝜇[0,𝑑22] ℰ22

0.2 3 0.2 3 0.082626 6 0.1907 5
0.117374 7 0.0093 6

TABLE II
THE NODE DISTRIBUTIONS OF THE NCMET-LDPC CODE AND THE BMET-LDPC CODE FOR CASE 2.

NCMET-LDPC code (CODE-E):NC BMET-LDPC code (CODE-AC):SP
Rate Group 1 Rate Group 3 Rate Group 1 Rate Group 3

Variable Node Distribution Variable Node Distribution
𝑣[0,1][𝑑11,𝑑21] ℰ11 ℰ21 𝑣[0,1][𝑑12,𝑑22] ℰ12 ℰ22 𝑣[0,1][𝑑11,𝑑21] ℰ11 ℰ21 𝑣[0,1][𝑑12,𝑑22] ℰ12 ℰ22
0.265783 2 0 0.1910361 2 0 0.247137 2 0 0.19731 2 0
0.111465 2 1 0.0703665 2 1 0.143731 2 1 0.058866 2 1
0.0410082 2 2 0.15692 2 2 0.027432 2 6 0.15335 2 3
0.00006559 2 20 0.13737 3 0 0.191186 3 0 0.0087948 2 20

0.1611 3 0 0.156199 3 1 0.135883 3 1 0.16175 3 0
0.0837898 3 1 0.00488247 3 7 0.004730 3 3 0.066858 3 1
0.0758774 3 6 0.0333089 3 14 0.025454 6 3 0.10315 3 3
0.0109938 3 7 0.0626549 6 0 0.043946 6 9 0.069378 6 0
0.0207645 6 0 0.00672323 6 7 0.071606 7 1 0.069062 7 1
0.04861368 6 2 0.0896714 7 3 0.032894 7 2 0.035473 7 4
0.0570473 7 0 0.0148637 7 7 0.039999 20 2 0.039814 20 4
0.0436473 7 3 0.01462617 20 2 0.036001 20 7 0.036189 20 11
0.0038405 7 6 0.0613769 20 7
0.0157611 20 0
0.0592666 20 2
0.00097531 20 20

Check Node Distribution in Lower Graph Check Node Distribution in Lower Graph
𝜇[𝑑11,0] ℰ11 𝜇[𝑑12,0] ℰ12 𝜇[𝑑11,0] ℰ11 𝜇[𝑑12,0] ℰ12

0.3 15 0.3 15 0.3 15 0.3 15

Check Node Distribution in Upper Graph Check Node Distribution in Upper Graph

𝜇[𝑑21,𝑑22] ×
𝑅1

1

𝑅1
1+𝑅1

2
ℰ21 𝜇[𝑑21,𝑑22] ×

𝑅1
2

𝑅1
1+𝑅1

2
ℰ22 𝜇[0,𝑑21] ℰ21 𝜇[0,𝑑22] ℰ22

0.1200182533 2 0.2400365067 4 0.082626 6 0.080591 5
0.07997262 3 0.07997262 3 0.117374 7 0.23941 6

Case 4: The three 1− 1− 1 systems have the RG 1, RG 2
and RG 3, respectively.

Note that, in Case 1, the 𝑟1-to-𝑑 channel and the 𝑟2-to-
𝑑 channel have the same rate, i.e. 𝑅1

1 = 𝑅1
2 = 0.2. In

Case 2, the 𝑠1-to-𝑟1 channel and the 𝑠2-to-𝑟2 channel have
the same rate, i.e. 𝑅+

1 = 𝑅+
3 = 0.7. In Case 3, the 𝑠1-to-

𝑑 channel and the 𝑠2-to-𝑑 channel have the same rate, i.e.
𝑅−

3 = 𝑅−
2 = 0.38. For each case with NC scheme, we

design the NCMET-LDPC codes with corresponding RGs. For
comparison purpose, we design the bilayer multi-edge type
LDPC (BMET-LDPC) codes [7] for SP with corresponding
RGs. In the simulation, we will compare NCMET-LDPC codes
with BMET-LDPC codes.

More specifically, for the NC scheme in the 2−1−1 system,
we first determine the degree distributions of ℰ11 and ℰ12 in the
lower graphs for 𝑠1 and 𝑠2 to approach the rates of the source-
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to-destination channels, 𝑅+
1 and 𝑅+

2 , respectively. The degree
distributions are designed similar to single link LDPC codes
and can be directly obtained from [28]. Then we optimize the
NCMET-LDPC codes by searching the distributions of ℰ21
and ℰ22, and the corresponding 𝑣[0,1][𝑑1,1,𝑑2,1], 𝑣[0,1][𝑑1,2,𝑑2,2]

and 𝜇[0,𝑑2,1,𝑑2,2]. To compare with the code design in the SP
scheme, we directly apply the BMET-LDPC codes to each
1− 1− 1 single-source relay system. We design three BMET-
LDPC codes, named CODE-A, CODE-B, and CODE-C for
the 1− 1 − 1 single-source relay system with the three RGs,
respectively, based on the method in [7]. Then for each case
with the SP scheme, we directly employ the BMET-LDPC
codes of the corresponding RGs. We design the codes for the
3− 1− 1 system by following the similar way.

A. Codes for Case 1

By the searching criterion in the previous section, we
obtain an NEMET-LDPC code for Case 1. The distribu-
tions of the variable nodes in the code, i.e. 𝑣[0,1][𝑑1,1,𝑑2,1],
𝑣[0,1][𝑑1,2,𝑑2,2], and the corresponding degrees are shown in
Table I. The distribution of the check nodes in the upper graph
is 𝜇[𝑑21,𝑑22] = 𝑅1

1 +𝑅1
2 = 0.4. Each check node in the upper

graph has the degree 6, among which, 3 edges are allocated
to 𝑠1 and the other 3 edges are allocated to 𝑠2. This is due to
the fact that 𝑅1

1 = 𝑅1
2 = 0.2. Note that the gap between the

Shannon limits for the two rates, i.e. 𝑅−
1 = 0.5 and 𝑅−

2 = 0.38
is about 1.65 dB. Therefore, during the code search, we set
the gap between the two thresholds 𝜎1 and 𝜎2 according to
their Shannon limit gap, and we obtain the two thresholds as
𝜎1 = 0.9692 and 𝜎2 = 1.1519.

We refer to the NCMET-LDPC code for Case 1 in the
Table I as CODE-D. For the 2 − 1 − 1 system with the SP
method, the BMET-LDPC code for this case with SP are also
shown in the Table I, which is referred to as CODE-AB. Note
that we do not need to jointly search CODE-AB for RG1 and
RG2 in the 2−1−1 system. Since we already have CODE-A
and CODE-B for RG1 and RG2, respectively. CODE-AB is
directly obtained by combining CODE-A and CODE-B.

B. Codes for Case 2

We obtain an NCMET-LDPC code for Case 2 shown in
Table II. The distribution of check nodes in the upper graph
is 𝜇[𝑑21,𝑑22] = 𝑅1

1+𝑅1
3 = 0.52. Each check node in the upper

graph has the degree 6. However, 69.2413% of these check
nodes have 2 edges of type ℰ21 and 4 edges of type ℰ23, and
30.7587% of these check nodes have 3 edges of type ℰ21 and
3 edges of type ℰ23. Also, according to the gap between the
Shannon limits for the two rates, i.e. 𝑅−

1 = 0.5 and 𝑅−
3 =

0.38, the two thresholds that we obtain are 𝜎1 = 0.9705 and
𝜎3 = 1.1531, respectively. We refer to the NCMET-LDPC
code in Table II as CODE-E, which is jointly searched for
both RG1 and RG3. For comparison, the BMET-LDPC code
for Case 2 with SP are also shown in the Table II. It is referred
to as CODE-AC, which is the combination of CODE-A and
CODE-C.

TABLE III
THE NODE DISTRIBUTION OF THE NCMET-LDPC CODE FOR CASE 3.

NCMET-LDPC code (CODE-F):NC
Rate Group 3 Rate Group 2

Variable Node Distribution
𝑣[0,1][𝑑11,𝑑21] ℰ11 ℰ21 𝑣[0,1][𝑑12,𝑑22] ℰ12 ℰ22
0.1318982 2 0 0.3224905 2 0
0.1692057 2 1 0.106892 2 1
0.117219 2 6 0.0298767 2 3
0.2634388 3 0 0.1701424 3 0
0.0683222 3 7 0.123784 3 1
0.0585838 6 1 0.0187803 3 20
0.00878041 6 3 0.00912155 6 0
0.00201396 6 20 0.0356944 6 3
0.0414464 7 1 0.0557519 7 0
0.0569312 7 3 0.050545 7 2
0.00615748 7 20 0.0160023 7 7
0.0154696 20 0 0.0137815 20 0
0.0364705 20 1 0.0292194 20 2
0.0240629 20 3 0.0179176 20 7

Check Node Distribution in Lower Graph
𝜇[𝑑11,0] ℰ11 𝜇[𝑑12,0] ℰ12

0.3 15 0.42 10

Check Node Distribution in Upper Graph

𝜇[𝑑21,𝑑22] ×
𝑅1

1

𝑅1
1+𝑅1

2
ℰ21 𝜇[𝑑21,𝑑22] ×

𝑅1
2

𝑅1
1+𝑅1

2
ℰ22

0.2400202133 4 0.1200101067 2
0.07998484 3 0.07998484 3

C. Codes for Case 3

We obtain an NCMET-LDPC code for Case 3 shown in
Table III. The distribution of check nodes in the upper graph
is 𝜇[𝑑23,𝑑22] = 𝑅1

3+𝑅1
2 = 0.52. Each check node in the upper

graph has the degree 6. However, 69.2366% of these check
nodes have 2 edges of type ℰ23 and 4 edges of type ℰ22, and
30.7634% of these check nodes have 3 edges of type ℰ23 and
3 edges of type ℰ22. Since the two RGs have the same 𝑠-to-𝑑
rate, i.e. 𝑅−

3 = 𝑅−
2 = 0.38, we obtain the same threshold as

𝜎3 = 𝜎2 = 1.1564, respectively. We refer the NCMET-LDPC
code in Table III as CODE-F, which is jointly searched for
both RG3 and RG2. We also obtain the BMET-LDPC code
referred to as CODE-CB for Case 3 with SP, which is the
combination of CODE-C and CODE-B.

D. Codes for Case 4

We obtain an NCMET-LDPC code for Case 4 shown in
Table IV. The distribution of check nodes in the upper graph
is 𝜇[𝑑21,𝑑22,𝑑23] = 𝑅1

1 +𝑅1
2 +𝑅1

3 = 0.72. Each check node in
the upper graph has the degree 6. In the upper graph, 33.3%
of these check nodes have 2 edges of type ℰ21, 2 edges of type
ℰ22 and 2 edges of type ℰ23, 33.3% of these check nodes have
1 edges of type ℰ21, 2 edges of type ℰ22 and 3 edges of type
ℰ23, and 33.3% of these check nodes have 2 edges of type ℰ21,
1 edges of type ℰ22 and 3 edges of type ℰ23. We obtain the
thresholds for the three RGs as 𝜎1 = 0.969, 𝜎2 = 1.1525, and
𝜎3 = 1.1515 respectively. We refer the NCMET-LDPC code
in Table IV as CODE-G, which is jointly searched for all
three RGs. We also obtain the BMET-LDPC code referred to
as CODE-ABC for Case 4 with SP, which is the combination
of CODE-A, CODE-B and CODE-C.
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TABLE IV
THE NODE DISTRIBUTION OF THE NCMET-LDPC CODE FOR CASE 4.

NCMET-LDPC code (CODE-G):NC
Rate Group 1 Rate Group 2 Rate Group 3

Variable Node Distribution
𝑣[0,1][𝑑11,𝑑21] ℰ11 ℰ21 𝑣[0,1][𝑑12,𝑑22] ℰ12 ℰ22 𝑣[0,1][𝑑13,𝑑23] ℰ13 ℰ23
0.2635483 2 0 0.270639 2 0 0.2155186 2 0
0.112911 2 1 0.117386 2 1 0.154023 2 2
0.0418626 2 7 0.0642334 2 3 0.0305867 2 3
0.149117 3 0 0.00700072 2 6 0.0181946 2 14
0.163466 3 1 0.2829063 3 0 0.0841675 3 0
0.007709 3 2 0.0298002 3 2 0.2475941 3 3
0.0114686 3 14 0.024855 6 7 0.047222 6 0
0.0338925 6 0 0.0199609 6 14 0.0219735 6 2
0.03548559 6 6 0.0463214 7 1 0.000182611 6 13
0.0373675 7 0 0.07597779 7 2 0.0956172 7 0
0.0626623 7 1 0.0331672 20 1 0.00891793 7 6
0.0045052 7 14 0.0210431 20 3 0.00510349 20 0
0.0180071 20 0 0.00670818 20 6 0.0585315 20 3
0.0579959 20 2 0.012368 20 20

Check Node Distribution in Lower Graph
𝜇[𝑑11,0] ℰ11 𝜇[𝑑12,0] ℰ12 𝜇[𝑑13,0] ℰ13

0.3 15 0.42 10 0.3 15

Check Node Distribution in Upper Graph

𝜇[𝑑21,𝑑22,𝑑23] ×
𝑅1

1

𝑅1
1+𝑅1

2+𝑅1
3

ℰ21 𝜇[𝑑21,𝑑22,𝑑23] ×
𝑅1

2

𝑅1
1+𝑅1

2+𝑅1
3

ℰ22 𝜇[𝑑21,𝑑22,𝑑23] ×
𝑅1

3

𝑅1
1+𝑅1

2+𝑅1
3

ℰ23
0.08 2 0.08 2 0.08 2
0.04 1 0.08 2 0.12 3
0.08 2 0.04 1 0.12 3

E. BER curves

We investigate the bit error rate (BER) performance for
various coding schemes. Note that the parity check digits
transmitted by the relay are firstly decoded. Therefore, we do
not need to consider the SNR in the 𝑟-to-𝑑 channels. The two
SNRs of the sources at the destination are denoted as 𝜌1 and
𝜌2. The system SNR in the BER curves for the 2− 1− 1 sys-
tem is defined as 𝜌𝑠𝑦𝑠 =

[
1
2𝐽

−1(12 (𝐽(2
√
𝜌1) + 𝐽(2

√
𝜌2))

]2
.

The system SNR for the 3 − 1 − 1 system is defined as
𝜌𝑠𝑦𝑠 =

[
1
2𝐽

−1(13 (𝐽(2
√
𝜌1) + 𝐽(2

√
𝜌2) + 𝐽(2

√
𝜌3))

]2
.

Fig. 7 shows the BER curves of the designed NCMET-
LDPC codes and BMET-LDPC codes for the 2 − 1 − 1
relay system with various RGs. Note that the BER curves
are presented for each source separately in CODE-D, CODE-
E, and CODE-F. In Case 1, there are two RGs, i.e. RG1 and
RG2. We compare the NCMET-LDPC code (CODE-D) with
the BMET-LDPC codes (CODE-A and CODE-B) for the two
RGs. For RG1, CODE-D is better than CODE-A by 0.23-
dB at the BER of 10−4. For RG2, CODE-D is better than
CODE-B by 0.17-dB at the BER of 10−4. In Case 2, there are
two RGs, i.e. RG1 and RG3. We compare the NCMET-LDPC
code (CODE-E) with the BMET-LDPC codes (CODE-A and
CODE-C) for the two RGs. For RG1, CODE-E is better than
CODE-A by 0.25-dB at the BER of 10−4. For RG3, CODE-E
is better than CODE-C by 0.18-dB at the BER of 10−4. In
Case 3, there are two RGs, i.e. RG3 and RG2. We compare the
NCMET-LDPC code (CODE-F) with the BMET-LDPC codes
(CODE-C and CODE-B) for the two RGs. For RG3, CODE-F
is better than CODE-C by 0.3-dB at the BER of 10−4. For
RG2, CODE-F is better than CODE-B by 0.35-dB at the BER
of 10−4. We can see that NCMET-LDPC codes for all RGs
are better than that of BMET-LDPC codes.

Note that the performance gain of the proposed NCMET-

Fig. 7. BER curves of the designed NCMET-LDPC codes and BMET-LDPC
codes for the three cases in the 2− 1− 1 relay system. The BER curve for
each RG is plotted. In Case 1, there are two RGs, i.e. RG1 and RG2. We
compare the NCMET-LDPC code (CODE-D) with the BMET-LDPC codes
(CODE-A and CODE-B) for the two RGs. The two thresholds of CODE-D
for the two RGs are 𝜎1 = 0.9692 and 𝜎2 = 1.1519. In Case 2, there are
two RGs, i.e. RG1 and RG3. We compare the NCMET-LDPC code (CODE-
E) with the BMET-LDPC codes (CODE-A and CODE-C) for the two RGs.
The two thresholds of CODE-E for the two RGs are 𝜎1 = 0.9705 and
𝜎3 = 1.1531. In Case 3, there are two RGs, i.e. RG3 and RG2. We compare
the NCMET-LDPC code (CODE-F) with the BMET-LDPC codes (CODE-C
and CODE-B) for the two RGs. The two thresholds of CODE-F for the two
RGs are 𝜎3 = 𝜎2 = 1.1564.

LDPC codes relative to BMET-LDPC codes is due to that (1)
the network codes are optimized based on all the sources’
codes to achieve higher threshold, and (2) the optimized net-
work codes enable a jointly decoding among all the sources’
codewords at the destination.
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Fig. 8. BER curves of designed NCMET-LDPC codes and BMET-LDPC
codes for all the cases from the whole system point of view. In Case 1, the
system rate is (𝑅−

1 +𝑅−
2 )/2 = 0.44. The BER of CODE-AB for the system

is calculated by averaging the BERs of CODE-A and CODE-B. We compare
the NCMET-LDPC code (CODE-D) with the BMET-LDPC code (CODE-
AB) for the Case 1. In Case 2, the system rate is (𝑅−

1 + 𝑅−
3 )/2 = 0.44.

We compare the NCMET-LDPC code (CODE-E) with the BMET-LDPC code
(CODE-AC) for Case 2. In Case 3, the system rate is (𝑅−

3 +𝑅−
2 )/2 = 0.38.

We compare the NCMET-LDPC code (CODE-F) with the BMET-LDPC code
(CODE-CB) for Case 3. In Case 4, the system rate is (𝑅−

1 +𝑅−
2 +𝑅−

3 )/3 =
0.42. We compare the NCMET-LDPC code (CODE-G) with the BMET-LDPC
code (CODE-ABC) for Case 4.

Fig. 8 shows the BER curves of designed NCMET-LDPC
codes and BMET-LDPC codes from the whole system point
of view. The system rate in each case is calculated according
to rates of the two RGs. Note that all the frames transmitted
by the sources and the relay have the same length. In Case 1,
the system rate is (𝑅−

1 + 𝑅−
2 )/2 = (0.5 + 0.38)/2 = 0.44.

The BER of CODE-AB for the system is calculated by
averaging the BERs of CODE-A and CODE-B. Comparing
the NCMET-LDPC code (CODE-D) with the BMET-LDPC
code (CODE-AB) for the Case 1, we can see from Fig. 8
that CODE-D is better than CODE-AB by 0.23-dB at the
BER of 10−4. In Case 2, the system rate is (𝑅−

1 +𝑅−
3 )/2 =

(0.5 + 0.38)/2 = 0.44. Comparing the NCMET-LDPC code
(CODE-E) with the BMET-LDPC code (CODE-AC) for Case
2, from Fig. 8, CODE-E is better than CODE-AC by 0.24-
dB at the BER of 10−4. In Case 3, the system rate is
(𝑅−

3 + 𝑅−
2 )/2 = (0.38 + 0.38)/2 = 0.38. Comparing the

NCMET-LDPC code (CODE-F) with the BMET-LDPC code
(CODE-CB) for Case 3, from Fig. 8, CODE-F is better than
CODE-CB by 0.32-dB at the BER of 10−4. In Case 4, the
system rate is (𝑅−

1 +𝑅−
2 +𝑅−

3 )/3 = (0.5+0.38+0.38)/3 =
0.42. Comparing the NCMET-LDPC code (CODE-G) with the
BMET-LDPC code (CODE-ABC) for Case 4, from Fig. 8,
CODE-F is better than CODE-CB by 0.32-dB at 10−4.

VII. CONCLUSION

In this work, we have explored new approaches to LDPC
code design for a multi-source single-relay FDMA system,
under the assumption of uniform phase-fading Gaussian chan-
nels. The key aspects of our study are the introduction of
asymmetric channels for multiple sources, and the utilization
of network coding at the relay. To assist with our designs,

we proposed a binary field rate splitting theorem that was
subsequently used to discover an appropriate NC scheme
at the relay. The NC scheme found was in turn used to
help determine the achievable rates of each source, and the
achievable rate of the entire system. Based on these results
we then fully investigated the design of network coded multi-
edge type LDPC codes. The performance of the new codes
we design was investigated and shown to lead to significant
improvement in BER performance relative to existing LDPC
code designs for the multiple-source relaying systems with
asymmetric channels.

APPENDIX A
PROOF OF THEOREM 2

The graph in Fig. 2(b) can be decomposed into 𝑀 sub-
graphs. Each sub-graph is the Tanner graph for a source. The
variable nodes in the 𝑚-th sub-graph are associated with both
the digits in X̄𝑚(𝜔𝑖𝑚) (represented by the vector b̄𝑚) and the
effective digits for 𝑠𝑚 in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) (represented by
the vector b𝑒𝑓𝑓𝑚 ). Since all the digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 )
(represented by the vector b) are shared by more than one
source, it is not so obvious how to determine b𝑒𝑓𝑓𝑚 for 𝑠𝑚.
Therefore, we define the 𝑚-th effective sub-graph as follows.

(1) The check nodes in the 𝑚-th effective sub-graph are the
same as that in the whole graph.

(2) The variable nodes in the 𝑚-th effective sub-graph are
composed of the variable nodes associated with the digits in
both b̄𝑚 and b.

(3) The connections between check nodes and the variable
nodes in the 𝑚-th effective sub-graph are kept the same as
that in the whole graph.

Then we determine the quantity of NC parity-bits that are
exploited at the destination for the 𝑚-th source 𝑠𝑚. By this
way, we can obtain the equivalent code rate of 𝑠𝑚 in the NC
scheme. Without loss of generality, we randomly pick up a
parity check node 𝑐 in the whole graph. Suppose there are 𝑗
edges emanating from the node 𝑐. Among these edges, 𝑗𝑚 are
connected to the variable nodes associated with b̄𝑚, and one
edge is connected to a variable node associated with b. We
have 𝑗 =

∑𝑀
𝑚=1𝑗𝑚+1, which means that there are 𝑗 variable

nodes sharing one bit of information provided by 𝑐.
We firstly consider the determination of the effective num-

ber if joint decoding is applied at the destination.. In the joint
decoding scheme, the destination jointly decodes the received
signals from the sources, i.e. X̄𝑚(𝜔𝑖

𝑚), 𝑚 = 1, ⋅ ⋅ ⋅ ,𝑀 ,
and the received network coded signal from the relay, i.e.
ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ), the variable nodes associated with b
belong to 𝑠𝑚 with the probability 𝑅1,nc

𝑚 /𝑅1,nc. There is
(𝑗𝑚+𝑅1,nc

𝑚 /𝑅1,nc)/𝑗 bit of information of 𝑐 allocated to 𝑠𝑚. In
this sense, we count the number of 𝑐 as (𝑗𝑚+𝑅1,nc

𝑚 /𝑅1,nc)/𝑗
in the 𝑚-th effective sub-graph. By summing all the numbers
of the parity check nodes in the 𝑚-th effective sub-graph,
we obtain the effective parity check nodes allocated to 𝑠𝑚 as

𝑛𝑅1,nc
𝑚 =

𝑑𝑐∑
𝑗=1

𝑗∑
𝑗𝑚=0

𝑗𝑚+
𝑅

1,nc
𝑚∑𝑀

𝑤=1𝑅
1,nc
𝑤

𝑗 𝜗𝑗𝑚.

Based on the above result, we then consider the successive
decoding. In the successive decoding scheme, the destination
first decodes the network coded bin index ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ),
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then the destination decodes the sources’ messages from the
signals X̄𝑚(𝜔𝑖

𝑚) for all 𝑚 after the network coded signal
has been canceled. In the successive decoding scheme, the
network coded signal ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) can be recovered
first. Correspondingly, the black circles, i.e. the variable nodes
associated with the digits in ℂ⊕(𝜙𝑖1, ⋅ ⋅ ⋅ , 𝜙𝑖𝑀 ) and the edges
connected to them can be deleted from Fig. 2(b).

Since 𝜗𝑗𝑚 is denoted as the number of the degree-𝑗 parity
check nodes which has 𝑗𝑚 edges in the 𝑚-th effective sub-
graph, the number of these parity check nodes in the 𝑚-th
effective sub-graph is counted as 𝜗𝑗𝑚(𝑗𝑚 + 𝑅1,nc

𝑚 /𝑅1,nc)/𝑗.
As such, we can obtain the number of effective parity check
nodes allocated to 𝑠𝑚 in (4) and complete the proof. ■
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