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Abstract—One of the key metrics in measuring system quality
of service (QoS) is the delay performance. Most existing papers
have focused on the studies of decreasing transmission delay.
However, as the wireless communication traffic increasing dra-
matically, queueing delay in the wireless networks becomes a
non-negligible issue. Martingale theory, which fits any arrival
and service process, providing a much tighter delay bound
compared to the effective bandwidth theory, has been proposed
to analyze the system queueing delay bound, especially in a
bursty traffic scenario. In this paper, we propose to study the
resource allocation problem based on the delay bounds derived
from martingale theory. In specific, we first revisit some basic
knowledge about stochastic network calculus, and present the
delay bounds derived from martingale theory in certain typical
bursty service models. Then, we setup a resource allocation
problem in a computation offloading scenario, where multiple
computation nodes with distinct computation capacities are
considered. User’s computation tasks are usually bursty, and
are required to be executed within a limited time. We propose
to minimize the system delay violation probability by properly
allocating the computation tasks to different computation nodes.
A closed-form solution is derived for the computation offloading
problem, using a special kind of water-filling policy. Moreover,
we discuss two potential models of martingale-based resource
allocation, and provide the corresponding system architectures.
Finally, numerical results are presented to demonstrate the
performances of the proposed scheme. The proposed water-filling
scheme achieves a smaller system delay violation probability
compared to the benchmark.

I. INTRODUCTION

With the rapid developments of wireless communications,
current networks are required to process huge data traffic
within a very limited time. Lacking of well-designed resource
allocation schemes will induce unsatisfied latency or severe
network congestion. How to properly allocate network re-
sources to satisfy the quality of service (QoS) requirements
has arisen as a crucial problem in the current and future
networks. As one of the critical QoS metrics, delay per-
formance has attracted more and more attentions in recent
works. Most existing works focus on the transmission delay. In
[1], subcarrier assignment, power allocation and time fraction
determination are investigated in a delay sensitive heteroge-
neous network. In [2], a resource allocation scheme which
minimizes the packet transmission delay of the secondary user
is proposed. The authors in [3] propose to solve the resource

allocation problem concerning the transmission delay without
major sacrifices in user’s satisfaction.

However, besides the transmission delay, queueing delay is
also a non-negligible issue in an end-to-end communication
link. Effective bandwidth theory which is associated to a
predefined QoS constraint has been proposed to analyze the
queueing delay bounds in many papers [4, 5]. The authors
of [6, 7] propose to analyze the resource allocation problem
based on the effective bandwidth/capacity theory. In [6], the
optimal power and rate adaptation scheme is investigated
over wireless links. In [8], the authors propose to maximize
the effective power efficiency based on the statistical delay-
bounded QoS requirements.

However, there is a typical drawback of the effective
bandwidth theory. It has a very loose estimation over the delay
bounds, which usually lead to inaccurate results for bursty
arrivals. Martingale theory is another option in estimating
delay bounds [9]. It fits any arrival and service process, and
especially, it can provide a very tight bound in a bursty
traffic scenario. In [10], the authors provide a theoretical way
to measure the end-to-end delay bounds in the multimedia
heterogeneous high-speed train networks where the links from
the train to the track-side-access points are highly dynamic
and bursty. Furthermore, in [11], the authors study the delay
bounds in vehicular ad hoc networks where data from vehicles
are expected to be bursty. In [12], the authors propose an
energy-efficient random access algorithm based on the mar-
tingale theory in machine type communication networks.

Similar to the scenarios depicted in [10–12], in wireless
communication networks, there are a lot of bursty traffic
environments. In this paper, we are inspired to study the
resource allocation problem based on the delay bounds derived
from martingale theory. The main contributions of our work
are summarized as follows,

1) We propose to study the resource allocation problem
based on the martingale theory. Firstly, we revisit some
basic knowledge of the stochastic network calculus.
Then we provide the delay bounds derived from the mar-
tingale theory employing certain typical service models,
such as Aloha and CSMA/CA.
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2) In a computation scenario, users’ computation demand-
s are bursty, and users usually require a sharp task
execution time. By considering the influence induced
by the transmission and queueing delay, we construct
an optimization problem in minimizing the system de-
lay violation probability in the concerned computation
offloading scenario. Then, we derive a closed-form
solution, using a special type of water-filling policy.

3) Two potential applications in wireless communication
networks based on the martingale theory are also dis-
cussed. Moreover, we provide two distinct architectures,
one of which is suitable for the multimedia networks,
and the other one fits the multi-hop networks.

4) Simulation results are provided to demonstrate the per-
formance of the proposed scheme. It can be verified
that the proposed scheme has a smaller system delay
violation probability compared to the equal offloading
scheme.

The remainders of this paper are organized as follows: the
delay bounds derived from the martingale theory are presented
in Section II. The resource allocation problem in computation
offloading scenario and the potential applications based on
martingale theory are discussed in Section III. Numerical
results are elaborated in Section IV, and finally conclusions
are drawn in Section V.

II. DELAY BOUNDS BASED ON MARTINGALE THEORY

A. Preliminary

In this section, we first revisit some definitions and useful
results in martingale theory. A represents the arrival process
which is defined as follows,

A(m,n) =

n∑
k=m

ak, (1)

where ak is the arrived data at time k. A(m,n), which is in
a bivariate form, is the accumulative amount of arrival source
data over time interval [m,n]. We use A(n) , A(0, n) for
brevity over time interval [0, n]. Service process is also char-
acterized by a bivariate form S(m,n), and the corresponding
departure process is denoted as D(n).

The relationship between arrival process A and service
process S is depicted in Fig. 1. Service process S plays a
critical role in coupling the arrival process A and the departure
process D, in terms of a (min,+) convolution, i.e.,

D(n) ≥ A ∗ S(n) , min
0≤m≤n

{A(m) + S(m,n)}. (2)

Service process S(n) can be regarded as an impulse response
in a linear and time invariant system. (2) provides a lower
bound for the departure process D.

Next, we introduce the backlog process Q(n) and delay
process W (n). The backlog process Q(n) is the data amount
in the system at time n. In other words, Q(n) is the queuing
length at time n, i.e.,

Q(n) = sup
n≥0

{A(n)− S(n)}, (3)
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Fig. 1. An illustration of the relationship between arrival process A and
service process S.

which can be interpreted as the vertical distance between A(n)
and D(n). The delay process W (n), which is the horizontal
distance between the curves A(n) and D(n), is defined as
follows,

W (n) = min{k ≥ 0|A(n− k) ≤ D(n)}. (4)

From (4), we have

W (n) ≥ k ⇔ A(n− k) ≥ D(n). (5)

Then, the complementary cumulative distribution function
(CCDF) of the delay process W (n) can be represented as

Pr (W (n) ≥ k) = Pr (A(n− k) ≥ D(n)) . (6)

Before presenting the backlog and delay bounds, we in-
troduce some important martingale-related definitions in the
following.

Definition 1. Martingale Process: A discrete-time martingale
process is a discrete-time stochastic process X1, X2, X3, . . .
that satisfies for any time n ≥ 1:

E[|Xn|] < ∞, (7)
E[Xn+1|X1, X2, . . . , Xn] = Xn.

It means that given all the history observations over time
interval [1, n], the conditional expectation of the next obser-
vation on time n+ 1 equals to the observation on time n.

Definition 2. Supermartingale Process: A discrete-time
martingale process is a discrete-time stochastic process
X1, X2, X3, . . . that satisfies for any time n ≥ 1:

E[|Xn|] < ∞, (8)
E[Xn+1|X1, X2, . . . , Xn] ≤ Xn.

It can be seen that if a process is a supermartingale, the
expectation drops as time passes by.
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Definition 3. Arrival-Martingales: A is an arrival martin-
gale process, if for every θ > 0, there is a Ka and a function
ha such that the process

ha(an)e
θ(A(n)−nKa), n ≥ 0, (9)

is a supermartingale.

Definition 4. Service-Martingales: S is a service martingale
process, if for every θ > 0, there is a Ks and a function hs

such that the process

hs(sn)e
θ(nKs−S(n)), n ≥ 0, (10)

is a supermartingale.

B. Delay Bounds in Different Service Models

Since we are focused on the delay bounds optimization
problem, in this section, we will present some main results
of the delay bounds derived in recent researches.

Martingale theory fits the environment where the source
data flow operates in a bursty model. So, the arrival process A
is usually modeled as a Markov-Modulated On-Off (MMOO)
process for simplity. The transition matrix of the Markov chain
is give by

Ta =

(
1− pa pa
qa 1− qa

)
. (11)

The steady state distribution of ak, which is the arrival data
at time k, is πa =

(
qa

pa+qa
, pa

pa+qa

)
. The arrival process A(n),

which has been defined in (1), can be represented by

A(n) =

n∑
k=1

f(ak), (12)

in which f(0) = 0 represents that no data arrives, while
f(1) = R represents that there are R amount of data arriving.

We present the delay bounds of two service models, i.e.,
Aloha and CSMA/CA, respectively [9],

Aloha: Pr (W (n) ≥ k) ≤ E[ha(a0)]

H
e−θ∗Ksk, (13)

CSMA/CA: Pr (W (n) ≥ k) ≤ E[ha(a0)]E[hs(s0)]

H
e−θ∗Ksk.

(14)

III. RESOURCE ALLOCATION BASED ON MARTINGALE
THEORY

Observing (13) and (14), we find that there is only one
variable k in the delay bound expressoions. It inspires us to
handle the resource allocation problem based on the martin-
gale theory-derived bound.
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Fig. 2. A simple example in computation offloading.

A. Computation offloading Problem Formulation: A Simple
Scenario

In this subsection, we conduct resource allocation in com-
putation offloading scenario, where users’ computation re-
quirements are bursty and delay sensitive. The system model
is depicted in Fig. 2. In this simple example, we consider only
one user who has a total computation task amount of X . The
computation task needs to be executed within a limited time.
Otherwise, it will be discarded. In this way, due to the limited
local computation capacity, this user has to offload its tasks
to the other computation nodes, each of which has a distinct
computation capacity given by µi. These computation nodes
are independent from each other. Note that these computation
nodes serve multiple users at the same time in a first in first
out (FIFO) manner.

In this model, we aim to minimize the system delay viola-
tion probability which is a summation of the delay bounds of
each computation nodes, i.e.,

min
Xi

N∑
i=1

Pr (Wi(n) ≥ (Xi/R)) , (15)

s.t.,
N∑
i=1

Xi = X, Xi ≥ 0,

where Xi is the assigned computation tasks to the ith com-
putation node. In order to simplify the process, we assume
that the transmission rate to each node is a uniform constant
R. In this scenario, we omit the computation delay in each
node, since the computation delay is relatively smaller than
communication delay and queueing delay. The best situation is
that as soon as the computation task Xi is received completely,
the task Xi will be executed. The objective function aims
to minimize the probability that the task cannot be executed
immediately, when it is received completely.
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B. Solution of the Computation Offloading Problem

Given the computation nodes employing the CSMA/CA
service model, we rewrite (15) as

min
Xi

N∑
i=1

E[ha(a0)]E[hs(s0)]

H
e−θ∗

i Ki(Xi
R ), (16)

s.t.,
N∑
i=1

Xi = X, Xi ≥ 0,

where E[ha(a0)]E[hs(s0)]
H = pa+qah(0)/h(R)

pa+qa
, δ, Ki =

− 1
θ∗
i
lnE[e−θ∗

i µi ]. θ∗i is determined by

η(θi) = eθiµi . (17)

η(θi) is the spectral radius of

T θ
a , Tae

θf(ak). (18)

It can be verified that (16) is a convex problem. Using the
Lagrangian function, we have

L =

N∑
i=1

(
δe−θ∗

i Ki(Xi
R ) + λXi + γiXi

)
, (19)

where {γ1, ..., γN}, and λ are the Lagrangian multipliers.
We obtain the necessary and sufficient Karush-Kuhn-Tucher
(KKT) conditions as

∂L
∂Xi

= − δθ∗
i Ki

R e−
θ∗i KiXi

R + λ+ γi = 0,

γi ≥ 0,
γiXi = 0.

(20)

The condition γiXi = 0 results in Xi = 0, or γi = 0,

X∗
i =

R

θ∗iKi

(
ln

δ

λ∗R
− ln

1

θ∗iKi

)
. (21)

The unknown variable λ∗ is chosen such that the constraints
X∗

i ≥ 0 and
∑N∗

i=1 Xi = X are satisfied.
We rewrite (21) as the water-filling solution as,

X∗
i =

R

gi

(
ln

1

go
− ln

1

gi

)+

. (22)

where go = λ∗R
δ and gi = θ∗iKi.

The illustration of the solution is depicted in Fig. 3.
Observing (22), it can be seen that the solution of the proposed
computation offloading problem is a special type of water-
filling. As shown in Fig. 3, the value of ln( 1

go
) is the water

level which is determined by the optimal λ∗. ln( 1
gi
) can be

regarded as a kind of resource measurement indicating the
state of node i. When ln( 1

gi
) is smaller than ln( 1

go
), it indicates

that node i has extra computation resources, and therefore it
can be allocated with computation tasks. If ln( 1

gi
) is larger

than ln( 1
go
), node i will not be allocated. Moreover, the filled

water is determined by both the height value of ln( 1
go
)−ln( 1

gi
)

and the width value of R
gi

.

Steps
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Water

ln(1/go)
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Node Index

0

Fig. 3. Illustration of the solution in (22).

C. Discussions

By employing the proposed computation allocation scheme,
the system delay violation probability will be minimized.
However, the proposed scheme provides no guarantee that the
computation tasks will be executed within a given time. We
will investigate the resource allocation problem concerning the
execution time constraint based on martingale theory in our
future work.

Besides the application in computation offloading scenario,
martingale-based resource allocation scheme can be extended
to many other scenarios. It matches the multimedia networks
very well, if we change the system model to a multiplexing
architecture as shown in Fig. 4 (a). Also, it can be used in a
multi-hop network, if we model the system architecture as
shown in Fig. 4 (b). There are various applications to be
exploited. We will elaborate them in our future works.

IV. NUMERICAL RESULTS

In this simulation, we present some numerical results in the
computation offloading scenario. The elements in transition
matric are pa = 0.4 and qa = 0.5. The transmission rate
is given by R = 4 cycles/s. Here we define the unit of
transmission rate as cycles/s, and this is due to the reason
that the transmitted computation tasks are in unit of cycles
for simplicity. Suppose we have 3 computation nodes, and the
node computation capacities are given by µ1 = 2.1 cycles/s,
µ2 = 2.2 cycles/s, and µ3 = 2.3 cycles/s.

In Fig. 5, we compare the optimal offloaded computation
amounts in each node. It can be seen that as the parameter λ
decreases, i.e., the water level increases, computation tasks are
firstly allocated to node 3, corresponding to the node with the
highest computation capacity µ3. This can be verified at point
λ = 0.07. At point λ = 0.04, three nodes are all allocated
with computation tasks, while node 3 is allocated with the
most amount of tasks. However, at point λ = 0.01, node 1 is
allocated with the most amount of computation tasks. This can
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Fig. 5. Optimal Computation downloading of three nodes.

be verified from Fig. 3 that the offloaded computation amounts
are determined not only by the height ln( 1

go
)−ln( 1

gi
), but also

by the width R
gi

. Node 3 has a larger µi, and therefore it has
a smaller ln( 1

gi
). This will help it be filled with computation

tasks firstly. However, since the width R
gi

of node 3 is small,
the increment speed of the filled water will not as fast as node
1 which has a wider width.

In Fig. 6, we compare the proposed martingale-based com-
putation offloading scheme with the equal offloading scheme.
In the equal assignment scheme, we assign the 3 nodes with
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Fig. 6. Delay Violation Probability Comparison between the martingale-based
computation offloading scheme and the equal computation offloading scheme.
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Fig. 7. Computation Offloading Comparison, when pa varies from 0.1 to
0.4.

equal computation amount, without consideration of their
distinct computation capacities. As the total computation task
amount X increases, the system delay violation probabilities
in both schemes decrease. Also, it can be seen that the pro-
posed martingale-based scheme always has a smaller violation
probability summation compare to the equal offloading one.

In Fig. 7, we vary pa from 0.1 to 0.4 to verify the variation
of the offloaded computation tasks among three different
nodes. Given the total computation tasks X = 8, it can be
seen that as pa increases, i.e., the steady state π1 increases,
node 3 which has a larger computation capacity is prone to
be allocated with more tasks. While node 1 with a smaller
computation capacity is allocated with less tasks.

V. CONCLUSION

In this paper, we provide a new idea on resource allocation
problem. Martingale theory derived delay bound, which is
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much tighter than the one derived from the effective bandwidth
theory, is proposed as an optimization objective. With the
purpose to minimize the system delay violation probability,
firstly, we setup an optimization problem in the computation
offloading scenario by properly assigning computation tasks
to different computation nodes. Then, we provide a closed
form solution, i.e., the modified water filling formula, to this
problem. Numerical results are provided to demonstrate the
effectiveness of the proposed method. It can be verified that
the proposed martingale-based computation offloading scheme
has a smaller delay violation probability compared to the equal
computation offloading one.
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