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Abstract—In this paper, we propose a synchronization and
channel estimation method for amplify-and-forward two-way re-
lay networks (AF-TWRNs) based on a low-complexity maximum-
likelihood (LCML) algorithm and a joint synchronization and
channel estimation (JSCE) algorithm. For synchronous AF-
TWRNs, the LCML algorithm blindly estimates general nonrecip-
rocal flat-fading channels. We formulate the channel estimation as
a convex optimization problem and obtain a closed-form channel
estimator. Based on the mean square error (MSE) analysis of the
LCML algorithm, we propose a generalized LCML (GLCML)
algorithm to perform channel estimation in the presence of the
timing offset. Based on the approximation of the LCML algorithm,
the JSCE algorithm is proposed to estimate jointly the timing
offset and channel parameters. The theoretical analysis shows that
the closed-form LCML channel estimator is consistent and unbi-
ased. The analytical MSE expression shows that the estimation er-
ror approaches zero in scenarios with either a high signal-to-noise
ratio (SNR) or a large frame length. Monte Carlo simulations are
employed to verify the theoretical MSE analysis of the LCML
algorithm. In the absence of perfect timing synchronization, the
GLCML algorithm selects an estimation sample, which produces
the optimal channel estimation, according to the MSE analysis.
Simulation results also demonstrate that the JSCE algorithm is
able to achieve accurate timing offset estimation.

Index Terms—Channel estimation, convex optimization,
maximum-likelihood, synchronization, two-way relays.

I. INTRODUCTION

R ECENTLY two-way relay networks (TWRNs) [1] have
attracted considerable research interest due to their poten-

tial for improving spectral efficiency and reliability in wireless
communications. The amplify-and-forward (AF) relaying pro-
tocol [2] is commonly used in TWRNs since minimal signal
processing is required at the relay node. In AF-TWRNs, syn-
chronization and channel estimation are two essential issues for
signal detection. Efficient channel estimation in AF-TWRNs
poses a big challenge for doing coherent demodulation. In the
case of asynchronous AF-TWRNs, the existence of relative
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frequency and timing offsets between signals from two source
nodes makes the coherent demodulation more challenging.

Many algorithms have been proposed for estimating the
channel in AF-TWRNs assuming perfect synchronization,
whereas not much attention has been paid to studying the joint
synchronization and channel estimation (JSCE) problem. The
existing channel estimation methods use either training-based
approaches [3], which estimate the channel by using training
symbols known to both the transmitter and receiver, or blind
approaches [4], which do not depend on training symbols. It
has been stated in [5]–[7] that training-based channel estima-
tion approaches achieve good performance and are practical.
Nevertheless, the spectral efficiency is significantly reduced
by training overhead. Unlike training-based channel estima-
tion, blind channel estimation approaches [8], [10] remark-
ably decrease undesirable training overhead. Thus, they offer
a superior tradeoff between estimation accuracy and spectral
efficiency. In [8], under M -ary phase-shift keying (MPSK)
modulation, a semi-blind channel estimation algorithm, which
employs only one training symbol per estimation, is proposed
for estimating reciprocal flat-fading channels in single-relay
AF-TWRNs. Since reciprocal channels are not always practical,
a deterministic maximum-likelihood (DML) channel estimator
considering nonreciprocal channels is proposed in [10]. As the
DML estimator is unsuitable for BPSK, an alternative estimator
called the modified constrained maximum-likelihood (MCML)
estimator is proposed for this case in [10]. The MCML channel
estimator takes into account the BPSK structure and approaches
the true channel with high probability at a high SNR. The
approaches in [8] and [10] noticeably reduce training overhead
and achieve accurate MSE performances. However, the pro-
posed objective functions are nonconvex. Due to the nonconvex
optimization function, the DML and MCML algorithms have to
rely on numerical solutions by using optimization tools.

To consider channel estimation and synchronization jointly,
a training-based estimation method is proposed in [7]
for estimating channel parameters and the frequency off-
set in orthogonal-frequency-division-multiplexing-modulated
TWRNs. However, perfect timing synchronization is assumed,
and significant training overhead are still required for the
estimation.

In this paper, we start by assuming perfect frequency syn-
chronization, and we then study the channel estimation and
timing synchronization problem jointly in MPSK-modulated
AF-TWRNs.

First, we assume perfect timing synchronization and propose
a semi-blind low-complexity maximum-likelihood (LCML)
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channel estimation algorithm for estimating general nonrecip-
rocal flat-fading channels. In the LCML algorithm, we formu-
late a convex objective function [9] and derive a closed-form
channel estimator. With the channel state information, only one
training symbol is necessary for resolving phase ambiguity [11]
in the signal demodulation.

In the asynchronous AF-TWRNs, we extend the LCML al-
gorithm and develop a generalized LCML (GLCML) algorithm
to perform channel estimation in the presence of a timing
offset. We derive two channel estimations from the overlapped
and nonoverlapped signals, respectively. Then, we devise an
estimation sample selection criterion (ESSC) to choose the
channel estimation with the minimum MSE.

Then, a JSCE algorithm is proposed for estimating the timing
offset. We first propose a frame synchronization algorithm,
which is referred to as the frame asynchronous channel esti-
mation (FACE) algorithm, to estimate the frame offset (integral
timing offset) by energy detection and the cross correlation of
the received and transmitted signals. After frame boundaries
are determined by the frame synchronization algorithm, the
symbol synchronization is performed jointly with the channel
estimation, by the symbol asynchronous channel estimation
(SACE) algorithm, based on the overlapped signals to estimate
the symbol offset (fractional timing offset).

The theoretical analysis shows that the LCML channel es-
timator is consistent (the estimation error approaches zero if
the number of estimation samples approaches infinite) and
unbiased (the expectation of the channel estimation equals
the real channel parameter value) [12], and its computational
complexity O(N) is linear in terms of samples size N . The
theoretical MSE performance of the LCML algorithm shows
that the derived LCML channel estimator approaches the real
channel parameters in scenarios with either a high SNR or a
large frame length. Monte Carlo simulations are employed to
confirm the analytical MSE results of the LCML algorithms.
Moreover, the simulation results demonstrate that the GLCML
algorithm always select the optimal channel estimation in the
cases of varying timing offsets and that the JSCE algorithm is
able to achieve accurate timing offset estimation.

The main contributions of this paper are as follows.

1) In synchronous AF-TWRNs, a convex optimization func-
tion for blind channel estimation is not available in the
open literature as far as we know. We propose the LCML
algorithm with a convex optimization function that pro-
duces a closed-form channel estimator. Furthermore, the
availability of the closed-form channel estimation en-
ables us to derive the analytical estimation MSE. Based
on the MSE analysis, we make the proposed algorithm
more practical by relaxing the assumption of perfect
synchronization and propose the GLCML algorithm for
the asynchronous system, where there exists a relative
timing offset between both the source nodes.

2) We formulate the channel estimation and timing synchro-
nization as an overall maximum-likelihood estimation
problem, which is solved by the JSCE algorithm. The
analysis shows that the error probability of the FACE
algorithm approaches zero in a scenario with a large

frame length. The symbol offset is estimated jointly with
the channel estimation by the SACE algorithm. The JSCE
algorithm is capable of achieving accurate timing offset
estimation and channel estimation even in the absence of
perfect timing synchronization.

3) We analyze the performance of the LCML algorithm
in the scenarios with a high SNR and a large frame
length, respectively. In the case of a high SNR, the LCML
channel estimations approach the real channel parameter
values with the probability of 1 − (1/MN−1) when M =
2 and 1 − (2/M)N−1(M − 1) if M > 2, where M is
the modulation order and N denotes the frame length;
we further conclude that the LCML channel estimator
is unbiased. On the other hand, in the case of a large
frame length, the LCML channel estimator is consistent
if channel parameters belong to compact sets (closed and
bounded sets) [12].

4) We derive a closed-form MSE expression of the LCML
channel estimator with respect to the SNR and N , MSE ∝
(1/SNR N) in BPSK (M = 2) and MSE ∝ (2/SNR N)
in MPSK (M > 2), which is consistent with the simu-
lation results. Both the theoretical and numerical MSE
performances demonstrate that the LCML channel es-
timator approaches the true channel for scenarios with
either a high SNR or a large frame length. Based on the
analytical MSE expression, the optimal channel estima-
tion is achieved in the GLCML algorithm by comparing
the estimation MSE of the overlapped and nonoverlapped
samples.

The remainder of this paper is organized as follows. Section II
presents the system model of AF-TWRNs. In Section III, we
formulate an overall maximum-likelihood optimization func-
tion in asynchronous TWRNs, assuming that the source node
is able to synchronize with either of the transmitted signals.
The LCML, GLCML, and JSCE algorithms are proposed in
Sections IV–VI, respectively, to study the channel estima-
tion problem formulated in Section III. The timing offset is
estimated in Section VI. Then, we present the analysis of
the LCML algorithm in Section VII. Simulation results are
provided to verify the proposed algorithms and analysis in
Section VIII. Finally, conclusions are drawn in Section IX.

Notations: ‖a‖ and a∗ represent the norm and complex
conjugate of vector a, respectively. The conjugate transpose and
transpose of vector a are denoted aH and aT , respectively. The
angle and norm of complex number a are denoted ∠a and |a|,
respectively. Expectation and variance of a are denoted E{a}
and Var{a}, respectively. N represents a nonnegative integer
set. C and R stand for the complex and real number fields,
respectively.

II. SYSTEM MODEL

A typical half-duplex AF-TWRN over quasi-static flat-fading
[1] channels is considered. In the scenario of a frequency-
selective channel, the proposed channel estimation algorithms
can be applied to estimate channel parameters of different
frequency subbands individually. The system shown in Fig. 1
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Fig. 1. Dual time-slot TWRN with two source nodes and one relay node.

is composed of three nodes: source nodes T1 and T2 and relay
node R. Each node is equipped with a single antenna. The two
source nodes are out of each other’s transmission range.

Each signal transmission process consists of two time slots.
In the first time slot, the source nodes T1 and T2 simultaneously
transmit signals to the relay node. The transmitted signals of
source nodes T1 and T2 are s1(t) =

∑N
i=1 e

jw1Tis1, if(t− iT )

and s2(t) =
∑N

i=1 e
jw2Tis2, if(t− iT ), respectively. Without

loss of generality, both T1 and T2 are assumed to transmit N
symbols in a frame. f(t) is the time-invariant pulse-shaping
transmit filter of source nodes T1 and T2. w1 and w2 are
the carrier angular frequencies of the transmitters. The carrier
frequency is assumed perfectly synchronized across source

nodes T1 and T2. T is the symbol time interval, and j
Δ
=

√
−1.

As MPSK modulation is employed, we obtain

s1, i =

{√
P1e

jφ1i , i = 1, 2, . . . , N
0, else

s2, i =

{√
P2e

jφ2i , i = 1, 2, . . . , N
0, else

where P1 and P2 are the transmit power of T1 and T2, respec-
tively, and φ1i and φ2i are MPSK-modulated phases, which are
independent and uniformly distributed in set SM = {(2π(l −
1)/M), l = 1, . . . ,M}, with M being the modulation order.

During the first time slot, the overall signal received by the
relay node is given by

r(t) = h1s1(t+ τ1) + g1s2(t+ τ2) + n1(t).

Due to timing asynchrony, there exist timing offsets τ1 and τ2
of source nodes T1 and T2 relative to the relay node R, respec-
tively. As the relay node only amplifies the received signal, the
timing offsets τ1 and τ2 are not needed for synchronization or
channel estimation. This will be proven in Sections III and VI.
h1 and g1 are complex coefficients of flat-fading channels T1 →
R and T2 → R, respectively. Since nonreciprocal channels are
considered in this paper, the complex channel coefficients of the
links R → T1 and R → T2 are denoted h2 and g2, respectively.
Channel coefficients h1 and h2 and g1 and g2 are modeled
as independent and identically distributed (i.i.d.) in CN (0, σ2

c )
and remain fixed during one frame. Here, CN (0, σ2

c ) represents
the complex normal distribution with a zero mean and the
variance of σ2

c . n1(t) is complex additive white Gaussian noise
(AWGN) distributed in CN (0, σ2

n).
In the second time slot, the relay node amplifies the received

signal r(t) and then broadcasts the amplified signal Ar(t) =
Kr(t), where K is the power scaling factor. To maintain
average power of Pr at the relay node over a long term, the
power scaling factor K =

√
(Pr/σ2

cP1 + σ2
cP2 + σ2

n) [5] is
used in this paper, where Pr denotes the transmit power of R.
Here, we assume that P1, P2, σ2

c , and σ2
n are a priori known

to relay node R. However, the rough knowledge of P1 and P2

Fig. 2. Structure of the received signal in the asynchronous system.

is sufficient to obtain K. In this paper, all the estimations are
performed at the source nodes, rather than at the relay node.

Without loss of generality, signal detection at source node
T1 is considered. The received signal at T1 is obtained as
r1(t) = h2Kr(t) + n2(t), where n2(t) is AWGN distributed
in CN (0, σ2

n). Assuming perfect frequency synchronization,
there exists a relative timing offset between T1 and T2 in the
time asynchronous AF-TWRNs. We refer to the integral timing
offset nt as the frame offset and the fractional timing offset τ
as the symbol offset.

In this paper, the joint timing synchronization and channel
estimation problem in asynchronous AF-TWRNs is studied in
two parts.

• Section III: Under the assumption that T1 is able to
synchronize with either s1(t) or s2(t), we formulate the
channel estimation problem in the presence of a relative
timing offset between both source nodes, which is solved
in two steps.

1) Section IV: The LCML channel estimator is pro-
posed to estimate the channel in a time-synchronized
system.

2) Section V: The GLCML channel estimator is pro-
posed by extending the LCML algorithm in the
presence of a timing offset. As a result, the chan-
nel estimation problem formulated in Section III is
solved.

• Section VI: We propose the JSCE algorithm that enables
T1 to synchronize with either s1(t) or s2(t). The JSCE
algorithm enables the joint estimation of the timing offset
and channel parameters.

III. CHANNEL ESTIMATION IN ASYNCHRONOUS

AMPLIFY-AND-FORWARD TWO-WAY

RELAY NETWORKS

Here, we study channel estimation in asynchronous AF-
TWRNs under the assumption that T1 is able to synchronize
with either s1(t) or s2(t). We will relax this assumption in
Section VI. Due to the timing offset, the transmitted signals
s1(t) and s2(t) are not aligned. As a result, there is one
overlapped part and two nonoverlapped parts in the received
signal, as shown in Fig. 2. The overlapped part consists of two
signals, and the nonoverlapped parts consist of only one signal.
When T1 is synchronized with the target signal, it filters r1(t)
with the matched filter f ′(t) = f(T − t) and samples it at every
T period. In the system, T1 performs twice samplings to the
received signal. First, T1 synchronizes with s1(t) and obtains
the nonoverlapped samples of s1(t) as

rasync(i)=Kh1h2s1,i+Kh2n1,i+n2,i, i=1, . . . , nt. (1)
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Then, T1 synchronizes with s2(t) and obtains the overlapped
and nonoverlapped samples of s2(t) as

rasync(i) =Kh1h2 [f1(τ)s1, i + f2(τ)s1, i+1]

+Kg1h2s2, i−nt
+Kh2n1i + n2i

i = nt + 1, . . . , N (2)
rasync(i) =Kg1h2s2, i−nt

+Kh2n1, i + n2, i,

i = N + 1, . . . , N + nt (3)

where n1i and n2i are AWGN distributed in CN (0, σ2
n), and

the frame length of the received samples is N + nt. f1(τ) and
f2(τ) are the factors resulting from the symbol offset τ and the
use of a matched filter. The values of f1(τ) and f2(τ) are related
to the filter type and symbol offset τ . The analytical expressions
of f1(τ) and f2(τ) are derived in Appendix A. Equation (2)
implies that the timing offsets τ1 and τ2 between the source
nodes and relay node are not needed for channel estimation.

Based on the received discrete signal samples, T1 needs
to demodulate s2. Due to the fact that T1 knows its self-
transmitted signal s1(t) and the employed phase modulation
scheme, signal demodulation of s2(t) can be conducted based
on the power scaling factor K and channel coefficients h1,
h2, g1, and g2. However, it is complicated to estimate these
unknown variables individually. By inspecting (1)–(3), it is suf-
ficient for the signal demodulation purpose to estimate f1(τ),

f2(τ), and the composite channel parameters H
Δ
= Kh1h2,

G
Δ
= Kg1h2, and σ2 Δ

= (K2|h2|2 + 1)σ2
n jointly in MPSK-

modulated AF-TWRNs. The power scaling factor K is not
assumed known to both the source nodes but is estimated jointly
with channel coefficients at both the source nodes. In fact,
the estimation of K accounts for any signal power variations,
including the free-space path loss.

Channel estimation is performed at T1 by using N + nt re-
ceived samples rasync(i), i = 1, . . . , N + nt, given in (1)–(3).

Let r
Δ
= [rasync(1), . . . , rasync(N + nt)]

T be the vector of the

received signals. Here, we denote set v
Δ
= [v1, v2, . . . , vn] and

subset vj
i

Δ
= [vi, vi+1, . . . , vj ]. The overlapped part is denoted

rNnt+1, and the nonoverlapped parts of s1(t) and s2(t) are repre-
sented by rnt

1 and rN+nt

N+1 , respectively. Due to the timing offset,
we can take advantage of different expressions of the received
signal and obtain channel estimations from the nonoverlapped
and overlapped signals, respectively.

A. Nonoverlapped

Based on the nonoverlapped signal rnt
1 , channel parameter H

can be estimated by a training-based method [3] since s1(t) is
known to T1. Therefore, we obtain the estimation of H as Ĥno

Ĥno =

∑nt

i=1 rasync(i)s
∗
1(i)

Ant
. (4)

Without loss of generality, the amplitude of s1 and s2 are
assumed equal to A.

B. Overlapped

Overlapped samples in (2) can be expressed in vector
form as

rNnt+1 = H1s1 +Gs2 +H2s3 + n (5)

where H1
Δ
= f1(τ)H, H2

Δ
= f2(τ)H, s1

Δ
= [s1,nt+1, . . . , s1,N ]T ,

s2
Δ
= [s2,1, . . . , s2,N−nt

]T , and s3
Δ
= [s1,nt+2, . . . , s1,N , 0]T .

The noise termn
Δ
= [nnt+1, . . . , nN ]T , whereni=Kh2n1i+n2i

for i = 1, . . . , N + nt.
Assuming that s1, s2, and s3 are deterministic unknown

vectors, the actual statistics of s1, s2, and s3 are con-
sidered in analyzing the behavior of the proposed algo-
rithm theoretically in Section VII. The received vector
rNnt+1 follows a complex Gaussian distribution with the
expectation E{rNnt+1} = H1s1 +Gs2 +H2s3 and variance

Var{rNnt+1} = σ2I. The vector of unknown parameters Θ
Δ
=

[H1, H2, G, σ2, φ2,1, . . . , φ2,N−nt
]T can be estimated by

maximizing the likelihood function of rNnt+1

Pr
(
rNnt+1; Θ

)

=
1

(πσ2)N−nt
exp

[
−
∣∣rNnt+1−H1s1−Gs2−H2s3

∣∣2
σ2

]
(6)

which can be simplified as the log-likelihood function (7)
shown at the bottom of the page, where φg is the phase of G.
Hereafter, Ĥ , Ĥ1, Ĥ2, Ĝ, and σ̂ represent the estimated values
of H , H1, H2, G, and σ, respectively.

With the knowledge of n̂t, the log-likelihood function
(7) could be maximized if |rasync(i)−H1s1, i −H2s1, i+1 −
A|G|ej(φg+φ2, i−nt )|, i = nt + 1, . . . , N is minimized. Since
|rasync(i)−H1s1, i −H2s1, i+1 −A|G|ej(φg+φ2, i−nt )| repre-
sents the Euclidean distance between rasync(i)−H1s1, i −
H2s1, i+1 and A|G|ej(φg+φ2, i−nt ), the minimum distance
could be achieved if (8) is met

∠ {rasync(i)−H1s1, i −H2s1, i+1}

= ∠
{
A|G|ej(φg+φ2,i−nt)

}
, ∀ i = nt + 1, . . . , N. (8)

However, in general, (8) does not hold for all samples as
the modulated phases φ1 and φ2 ∈ SM , and they cannot take
continuous values in [0, 2π). To derive a simple expression
of |G|, we assume that φ1 and φ2 are continuously valued

L(rNnt+1; Θ) = −(N − nt) log(πσ
2)−

∑N
i=nt+1

∣∣∣rasync(i)−H1s1, i −H2s1, i+1 −A |G| ej(φg+φ2,i−nt)
∣∣∣2

σ2
(7)
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in [0, 2π) [10], i.e., M → ∞. Under the condition (8), (7) is
approximated as

L
(
rNnt+1; Θ

)
= −(N − nt) log(πσ

2)− 1
σ2

×
N∑

i=nt+1

(|rasync(i)−H1s1, i−H2s1, i+1|−A |G|)2 . (9)

By maximizing (9), Ĝ is estimated as

|Ĝ| =
∥∥rNnt+1 −H1s1 −H2s3

∥∥
A(N − nt)

,

φ̂g =∠
l−1∑
i=0

(rasync(i)−H1s1, i −H2s1, i+1) s
∗
2,i−nt

(10)

where l is the number of training symbols. As the channel
is assumed fixed and flat over one frame, the channel fading
and phase shift are the same for each symbol. In the proposed
algorithms, we use only one training symbol to find φ̂g, which
will be applied to resolve the phase ambiguity [11] in the signal
demodulation. It will be shown in Section VIII that one training
symbol is sufficient to achieve a near optimal symbol error
rate (SER).

Substituting (10) into (9), the log-likelihood function
reduces to

L
(
rNnt+1; Θ

)
= −(N − nt) log(πσ

2)− 1
σ2

N∑
i=nt+1

Fi(H1, H2)

(11)

where

Fi(H1, H2)
Δ
=

(
|rasync(i)−H1s1, i −H2s1, i+1|

−
∑N

k=nt+1 |rasync(k)−H1s1, k −H2s1, k+1|
N − nt

)2

.

Since (11) is differentiable with respect to σ2, let
(∂L(rNnt+1; Θ)/∂σ2) = 0; thus, σ̂2 is obtained as

σ̂2 =

∑N
i=nt+1 Fi(H1, H2)

N − nt
. (12)

Substituting (12) into (11), we obtain

[
Ĥ, f̂1(τ), f̂2(τ)

]
= argmin

α∈C,0<a<1,0<b<1

∑N
i=nt+1 Fi(aα, bα)

N − nt
.

(13)

Hence, Ĥ1 = f̂1(τ)Ĥ , and Ĥ2 = f̂2(τ)Ĥ . Equations (10) and
(12) show that Ĝ and σ̂ depend on [Ĥ1, Ĥ2]. Hence, the esti-
mation of Θ can be obtained as long as [Ĥ1, Ĥ2] is available.
To solve (13), we propose the LCML and GLCML algorithms
in Sections IV and V, respectively. In addition, the GLCML
algorithm provides a criterion to select the estimation sample
from overlapped and nonoverlapped signals, which produces
the optimal channel estimation.

IV. LOW-COMPLEXITY MAXIMUM-LIKELIHOOD CHANNEL

ESTIMATION IN SYNCHRONOUS AMPLIFY-AND-FORWARD

TWO-WAY RELAY NETWORKS

To study the problem formulated in (13), we start from
channel estimation in the synchronous system. In synchronous
AF-TWRNs, all the signals are time synchronized. Hence,
transmitted signals are fully aligned. In this case, the given
derivations still hold when the symbol and frame offsets are
zero (τ=nt=0), f1(τ)=1, and f2(τ)=0 (see Appendix A).
As a result, the received signal becomes

r = Hs1 +Gs2 + n (14)

where r
Δ
= [r1, . . . , rN ]T , s1

Δ
= [s1,1, . . . , s1,N ]T , s2

Δ
= [s2,1,

. . . , s2,N ]T , and n
Δ
= [n1, . . . , nN ]T . Here, the closed-form

expression of H is derived as ĤBPSK
lcml in BPSK (M = 2) and

ĤMPSK
lcml in MPSK (M > 2).

A. BPSK

Here, we propose the LCML channel estimation algorithm
in the case of BPSK (M = 2). The log-likelihood function is
obtained by the maximum-likelihood estimation method as

L(r; Θ)=−
∑N

i=1 |ri−Hs1,i−Gs2,i|2
σ2

−N log(πσ2). (15)

By inspecting (15), the estimated parameters that satisfy the
following condition:

ri −Hs1, i −Gs2, i = 0, for i = 1, . . . , N (16)

will definitely maximize the log-likelihood function (15). Based
on this fact, we make some approximations and propose an
LCML channel estimation algorithm. In [10], an MCML es-
timator is proposed for BPSK. Different from the MCML
estimator, the LCML estimator produces closed-form channel
estimations.

Since s2,i=±1 in BPSK, we obtain ŝ2,i=sgn{(ri−Hs1,i)
e−jφg}, where sgn(x) denotes the signum function, and φg is
the phase of G. Therefore, the signal detection of s2,i depends
on the availability of Ĥ and φ̂g. Then, we propose a convex
optimization function to estimate channel parameters Ĥ and
φ̂g . As the estimated parameters satisfying condition (16) also
make (ri −Hs1,i)

2 − (Gs2,i)
2 = 0 hold for i = 1, . . . , N , we

eliminate s2,i in (15) and obtain the optimization function, i.e.,

LBPSK
sync (r; Θ)=−

∑N
i=1

∣∣(ri−Hs1, i)
2−G2

∣∣2
σ2

−N log(πσ2).

(17)

As the proposed optimization function (17) is convex, we derive
Ĝ and σ̂ by letting the first partial derivative (∂LBPSK

sync /∂G2) =

0 and (∂LBPSK
sync /∂σ2) = 0, and we obtain

Ĝ2 =

∑N
i=1(ri −Hs1, i)

2

N
(18)

σ̂2 =

∑N
i=1

∣∣∣∣(ri −Hs1, i)
2 −

∑N

k=1
(rk−Hs1, k)

2

N

∣∣∣∣
2

N
. (19)
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By substituting (18) and (19) into (17), Ĥ can be obtained by
minimizing the following objective function:

FBPSK
sync (H)=

∑N
i=1

∣∣∣∣(ri−Hs1,i)
2−
∑N

k=1
(rk−Hs1,k)

2

N

∣∣∣∣
2

N
. (20)

Letting (∂FBPSK
sync (H)/∂H) = 0, the closed-form channel esti-

mation is obtained as

ĤBPSK
lcml =

∑N
i=1

(
r2i −

∑N

k=1
r2
k

N

)(
r∗i s

∗
1,i−

∑N

k=1
r∗
k
s∗
1,k

N

)

2
∑N

i=1

∣∣∣∣ris1,i−
∑N

k=1
rks1,k

N

∣∣∣∣
2 . (21)

To estimate φ̂g , we use l training symbols and obtain

φ̂BPSK
g = ∠

l−1∑
i=1

(ri −Hs1, i)s
∗
2i. (22)

B. MPSK(M > 2)

The optimization problem (13) is simplified as

Ĥ=argmin
α∈C

∑N
i=1

(
|ri−αs1,i|−

∑N

k=1
|rk−αs1,k |
N

)2

N
. (23)

In [10], a semi-blind channel estimation method, which is re-
ferred to as the DML channel estimator, is proposed to estimate
H by solving (23). As an analytical solution to (23) is not
available, the DML algorithm has to rely on numerical solutions
by using optimization tools. As done in [13], the DML algo-
rithm can be implemented by the steepest descent optimization
method to obtain a solution. To achieve a closed-form channel
estimator, we propose an LCML channel estimation algorithm,
which is based on a convex optimization function to estimate
nonreciprocal channels (channel coefficients h1, h2, g1, and g2
are i.i.d.) in synchronous AF-TWRNs.

By inspecting (23), we find it represents the variance of
|ri − αs1i| if N → ∞, and the presence of |ri − αs1i| makes
(23) nonconvex. By replacing |ri − αs1i| by |ri − αs1i|2, we
formulate a convex objective function to estimate H , and we
denote ĤMPSK

lcml as the channel estimation here, i.e.,

ĤMPSK
lcml = argmin

α∈C
f(r;α),

f(r;α)=
1
N

N∑
i=1

(
|ri−αs1i|2 −

∑N
k=1 |rk−αs1k|2

N

)2

. (24)

By letting the first partial derivative (∂f(r;α)/∂�{α}) = 0,
where �{α} and �{α} denote real and imaginary parts of a
complex number α, respectively, we get

�
{
ĤMPSK

lcml

}
= j�

{
ĤMPSK

lcml

} (
CT

2 C2 −CT
3 C3

)
(C2 +C3)T (C2 +C3)

− CT
1 C2 +CT

1 C3

(C2 +C3)T (C2 +C3)
(25)

where⎧⎪⎪⎨
⎪⎪⎩

C1
Δ
= [C1,1, . . . , C1,N ]T , C1i = |ri|2 − ‖r‖2

N

C2
Δ
= [C2,1, . . . , C2,N ]T , C2i =

sH1 r

N − s∗1iri

C3
Δ
= [C3,1, . . . , C3,N ]T , C3i =

sT1 r∗

N − s1ir
∗
i ,

∀i = 1, . . . , N.

Substituting (25) into (24), we derive a closed-form
�{ĤMPSK

lcml } from (∂f(r;α)/∂�{α}) = 0 as follows:

�
{
ĤMPSK

lcml

}
=

CT
1 C2

(
CT

3 C3 +CT
2 C3

)
2j
(
CT

2 C2CT
3 C3 −

(
CT

2 C3

)2)
−

CT
1 C3

(
CT

2 C2 +CT
2 C3

)
2j
(
CT

2 C2CT
3 C3 −

(
CT

2 C3

)2) . (26)

The channel estimation in synchronous AF-TWRNs is obtained

as ĤMPSK
lcml = �{ĤMPSK

lcml }+ j�{ĤMPSK
lcml }, where j

Δ
=

√
−1.

V. GENERALIZED LOW-COMPLEXITY

MAXIMUM-LIKELIHOOD ALGORITHM IN ASYNCHRONOUS

AMPLIFY-AND-FORWARD TWO-WAY RELAY NETWORKS

In the asynchronous system, the timing offset is nonzero,
which results in partly aligned received signal, as shown in
Fig. 2. The factors f1(τ) and f2(τ) are unknown, resulting in
channel parameters H1 and H2 in (13), which needed to be
estimated. Here, we extend the LCML algorithm to estimate
channel parameters in the asynchronous system, by proposing
a GLCML algorithm. In Section V-A, the estimation of H is
obtained based on overlapped samples as Ĥo. Then, a selection
criterion is proposed in Section V-B to chose the optimal
channel estimation from Ĥno and Ĥo.

A. Case: nt = 0, τ = 0

To achieve channel estimation from the optimization func-
tion (13), we make a similar approximation as in Section IV
by replacing |rasync(i)−H1s1, i −H2s1, i+1| as |rasync(i)−
H1s1, i −H2s1, i+1|2. Then, (13) is updated as[
Ĥo, f̂1(τ), f̂2(τ)

]
= arg min

α∈C,0<a<1,0<b<1
L
(
rNnt+1; α, a, b

)
L
(
rNnt+1;α, a, b

)
=

1
N − nt

×
N∑

i=nt+1

(
|rasync(i)− aαs1, i − bαs1, i+1|2

−
∑N

k=nt+1|rasync(k)−aαs1, k−bαs1, k+1|2

N − nt

)2
.

(27)

Note that we get another estimation of parameter H , which is
denoted Ĥo. Then, we obtain Ĥ1= f̂1(τ)Ĥo and Ĥ2= f̂2(τ)Ĥo.
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B. Estimation Sample Selection Criterion

In the asynchronous system, where nt = 0 and τ = 0, we
obtain two estimations of channel parameter H from the over-
lapped signal as Ĥo and the nonoverlapped signal as Ĥno. The
channel estimation Ĥ is selected from Ĥo and Ĥno as the one
with the minimum MSE by the ESSC. By taking into account
the statistics of s1, the estimation MSE of Ĥno is derived as

MSEĤno
=

σ2

A2nt
(28)

under the condition that symbol offset τ = 0, Ĥo =
ĤBPSK

lcml (M = 2), and Ĥo = ĤMPSK
lcml (M > 2). The estimation

MSE of Ĥo is approximated as (50) and (51) in Section VII.
Comparing (28) and (50) and (51), we find that the frame

length N and the frame offset nt affect the MSE performance

of the two channel estimators. Let us define ns
Δ
= N − nt; thus,

we get the ESSC as follows:{
nt > ns, M = 2
nt >

n4
s−5n3

s+8n2
s−4ns

2n3
s−3n2

s+ns−1 , M > 2. (29)

If the ESSC (29) holds, which is equivalent to MSEĤno
<

MSEĤo
, then we use the nonoverlapped samples rnt

1 to estimate

the channel parameters as (4), i.e., Ĥ = Ĥno. Otherwise, the
overlapped samples are selected to obtain the channel estima-
tions by the GLCML algorithm as Ĥ = Ĥo.

VI. JOINT SYNCHRONIZATION AND CHANNEL

ESTIMATION ALGORITHM

Here, we propose a JSCE algorithm, which enables T1 to
synchronize with either s1(t) or s2(t). The basic idea is as fol-
lows. As s1(t) is the self-transmitted signal of source node T1,
T1 can synchronize with s1(t) by a cross-correlation method
[14] even without the knowledge of the timing offset. After
synchronizing with s1(t), T1 is able to synchronize with s2(t)
if the knowledge of the relative timing offset between source
nodes T1 and T2 is available. We propose the JSCE algorithm,
which enables source node T1 to estimate the relative timing
offset, i.e., frame offset nt and symbol offset τ . As a result, T1

can synchronize with either s1(t) or s2(t).
First, source node T1 tries to synchronize with its own

transmitted signal s1(t) via the cross-correlation method. It
calculates the cross correlation of the received sample r1(t)
and the self-transmitted signal s1(t). Then, it filters r1(t) with
a matched filter f ′(t) = f(T − t) and samples it at every T
period. The frame length of the resulting signal samples is
N + nt + 1 due to the frame offset. As T1 does not know nt

and 0 < nt < N , T1 obtains 2N samples to detect the frame

offset since. The received sample at T1 is given in (30), shown
at the bottom of the page, where G1 = f1(τ)G, and G2 =
f2(τ)G. f1(τ), f2(τ) < 1 regardless of the type of filters (see
Appendix A). Equation (30) implies that the timing offsets τ1
and τ2 between the source nodes and relay node are not needed
for synchronization and channel estimation. The received dis-

crete signal vector at T1 is denoted rt
Δ
= [rt(1), . . . , rt(2N)]T .

The overlapped part is denoted rt
N
nt+1, and the nonover-

lapped parts of s1 and s2 are represented by rt
nt
1 and rt

2N
N+1,

respectively.
As G1 = f1(τ)G and G2 = f2(τ)G, we estimate symbol

offset τ as

τ̂ = argmin
0<μ<T

∣∣∣∣∣f1(μ)f2(μ)
− Ĝ1

Ĝ2

∣∣∣∣∣ (31)

if s2,1 and s2,N are the pilot symbol known to both the source
nodes. We obtain the estimation of G1 and G2 from (30) as

Ĝ1 = (rt(nt + 1)−Hs1, nt+1) s
∗
2,1

Ĝ2 = rt(N + nt + 1)s∗2,N . (32)

Substituting (32) into (31) yields

τ̂ = argmin
0<μ<T

∣∣∣∣∣f1(μ)f2(μ)
−

(rt(nt + 1)−Hs1, nt+1) s
∗
2,1

rt(N + nt + 1)s∗2,N

∣∣∣∣∣ (33)

which shows that τ̂ depends on the availability of the estimation
of H . Note that (33) is applicable to any type of filters. Based
on (30), we propose the FACE algorithm in Section VI-A to
estimate the integral timing offset, i.e., the frame offset nt. In
the case that frame offset nt = 0, the nonoverlapped signal rt

nt
1

can be used to derive one estimation of H as Ĥf (34). Then,
τ̂ is the obtained from (33) based on Ĥf (34). On the other
hand, in the case that frame offset nt = 0, the SACE algorithm
is proposed in Section VI-B to estimate channel H as (41)
and (43) based on the overlapped part rtNnt+1 of the received
sample. As a result, the fractional timing offset, i.e., the symbol
offset τ , is obtained from (33).

A. Frame Synchronization Algorithm

The frame synchronization algorithm is described in Table I.
In Stage 1, the cross correlation of the received sam-
ple r1(t) and transmitted signal s1(t) is calculated, and
s1(t) begins when xcorr(r1(t), s1(t)) defined in Table I
reaches its maximum. Under the assumption N → ∞, we
get max[xcorr(r1(t), s1(t)] = N |H|2A2. In Stage 2, the total
power of every N received samples is denoted PR, as defined

rt(i) =

⎧⎪⎨
⎪⎩

Hs1, i +Kh2n1i + n2i, i = 1, . . . , nt

Hs1, i +G1s2, i−nt
+G2s2, i−nt−1 +Kh2n1i + n2i, i = nt + 1, . . . , N

G1s2, i−nt
+G2s2, i−nt−1 +Kh2n1i + n2i, i = N + 1, . . . , N + nt + 1

n2i, i = N + nt + 2, . . . , 2N

(30)
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TABLE I
FRAME SYNCHRONIZATION ALGORITHM

Fig. 3. Total power of N signals.

in Table I. If N → ∞ and SNR → ∞, the curve of PR is as
shown in Fig. 3, and its slope is represented as

slope=
[(
|G1|2+|G2|2−|H|2

)
A2,−

(
|G1|2+|G2|2+|H|2

)
A2
]

where slope(i) denotes the slope of PR at intervals i and
represents the rate at which signal power changes, where i =
1, 2. By analyzing the pattern of PR, we derive the frame offset
nt. The beginning of s1(t) has been found in Stage 1, whose
x-coordinate is L1. Without loss of generality, we assume nt >
0, and a is assumed the beginning of s1(t). c is defined as
the point whose x-coordinate is c = L1 +N on curve PR. As
shown in Fig. 3, among all the points between a and c on curve
PR, the longest distance to the line ac occurs at b, which is
the beginning of s2, whose x-coordinate is L2. As a result, b is
found by optimizing D(x, y, z), which calculates the distance
from point x to line yz. We obtain the frame offset estimation
n̂t = L2 − L1.

The asymptotic performance of the frame synchronization
algorithm is analyzed under the condition N → ∞ and SNR →
∞. In Stage 1, detection error occurs when |H| is sufficiently
small so that the maximum cross correlation could not be
differentiated. In Stage 2, we utilize the PR slope differ-
ences to locate the beginning of s2(t). When |G1|2 + |G2|2

is sufficiently small, there will be no slope difference between
two intervals. Hence, detection error occurs if |G| → 0. Since

H
Δ
= Kh1h2 and G

Δ
= Kg1h2, |H| and |G| are i.i.d. with the

cumulative probability function F(u) = 1 − e(−u/σ2
c), u > 0.

Obviously, the probability that |H| or that |G| is arbitrarily
small approaches zero. Therefore, the error probability of frame
synchronization algorithm approaches zero under the condition
of large N and SNR.

Based on the estimation of the frame offset n̂t, we propose
the FACE algorithm, in which the channel parameter H can
be estimated in a similar way as in Section III-A using the
nonoverlapped signal rt

nt
1 . Therefore, we obtain the estimation

of H as Ĥf in the following:

Ĥf =

∑nt

i=1 rt(i)s
∗
1(i)

An̂t
, n̂t = 0. (34)

B. Symbol Synchronization Algorithm

If the frame offset nt = 0, the vector of unknown parameters

Θs
Δ
= [H,σ2, φ2,1, . . . , φ2,N−nt

] can be estimated by maxi-
mizing the log-likelihood function of rtNnt+1, i.e.,

L
(
rt

N
nt+1; Θs

)
= −(N − nt) log(πσ

2)

−
∑N

i=nt+1 |rt(i)−Hs1, i −G1s2, i−nt
−G2s2,i−nt−1|2

σ2
.

(35)

By inspecting (35), the estimated parameters that satisfy the
following condition:

rt(i)−Hs1, i −G1s2, i−nt
−G2s2,i−nt−1 = 0,

for i = nt + 1, . . . , N (36)

will definitely maximize the log-likelihood function (35). Based
on this fact, we make some approximations and propose the
SACE algorithm.

1) BPSK: Condition (36) implies that the estimated parame-
ters also satisfy (rt(i)−Hs1,i)

2−(G1s2,i−nt
+G2s2,i−nt−1)

2 =
0 for i = nt + 1, . . . , N . As s2,i = ±1 in BPSK, the log-
likelihood function (35) can be approximated as (37), shown
at the bottom of the page. If channel parameters satisfy

(rt(i)−Hs1, i)
2 −G2

1 −G2
2 − 2G1G2s2, i−nt

s2, i−nt−1 = 0,

i = nt + 1, . . . , N (38)

L
(
rt

N
nt+1; Θs

)
= − (N − nt) log(πσ

2)−
∑N

i=nt+1

∣∣∣(rt(i)−Hs1, i)
2 − (G1s2, i−nt

+G2s2,i−nt−1)
2
∣∣∣2

σ2
s

= − (N − nt) log(πσ
2)−

∑N
i=nt+1

∣∣∣(rt(i)−Hs1, i)
2 −G2

1 −G2
2 − 2G1G2s2, i−nt

s2,i−nt−1

∣∣∣2
σ2

(37)
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then the approximated log-likelihood function (37) is
maximized. As condition (38) suggests that channel
parameters also make ∠((rt(i)−Hs1, i)

2 −G2
1 −G2

2) =
∠(2G1G2s2, i−nt

s2, i−nt−1) hold for i = nt + 1, . . . , N , we
further approximate (37) as

L
(
rt

N
nt+1; Θs

)
= −(N − nt) log(πσ

2)

−
∑N

i=nt+1

(∣∣∣(rt(i)−Hs1, i)
2−G2

1−G2
2

∣∣∣−2|G1G2|
)2

σ2
. (39)

After two steps of approximations, we eliminate unknown sig-
nal s2, i from the objective function. Therefore, the semi-blind
channel estimation is made possible by these approximations.
Maximizing the given objective function (39) in terms of σ2

yields

σ̂2
s =

∑N
i=nt+1

(∣∣∣(rt(i)−Hs1, i)
2−G2

1−G2
2

∣∣∣−2|G1G2|
)2

N−nt
.

(40)

By substituting (32) and (40) into (39), we obtain Ĥs as

ĤBPSK
s = argmin

α∈C

×
∑N

i=nt+1

(∣∣∣(rt(i)−αs1, i)
2−Ĝ2

1−Ĝ2
2

∣∣∣−2|Ĝ1Ĝ2|
)2

A(N−nt)
. (41)

2) MPSK(M > 2): Here, we propose the SACE algorithm
for MPSK, where modulation order M > 2. Condition (36)
implies that the estimated parameters also make ∠(rt(i)−
Hs1, i)− ∠(G1s2, i−nt

+G2s2, i−nt−1) = 0 hold for i = nt +
1, . . . , N . Therefore, (35) is approximated as

L
(
rt

N
nt+1; Θs

)
= −(N − nt) log(πσ

2)

−
∑N

i=nt+1

(
|rt(i)−Hs1,i|2−|G1e

jφ2,i−nt +G2e
jφ2,i−nt−1 |2

)2
σ2

.

Condition (36) also suggests that the estimated parameters
satisfy |rt(i)−Hs1, i|2 = |G1s2, i−nt

+G2s2, i−nt−1|2 for i =
nt + 1, . . . , N . We make another approximation |G1s2, i−nt

+

G2s2,i−nt−1|2=(
∑N

i=nt+1 |rt(i)−Hs1, i|2/N−nt) and obtain

L
(
rt

N
nt+1; Θs

)
= −(N − nt) log(πσ

2)

−

∑N
i=nt+1

(
|rt(i)−Hs1, i|2 −

∑N

k=nt+1
|rt(k)−Hs1,k|2

N−nt

)2

σ2
.

(42)

Maximizing the approximate objective function (42), we get
ĤMPSK

s = �{ĤMPSK
s }+ j�{ĤMPSK

s }, where �{ĤMPSK
s }

and �{ĤMPSK
s } denote the real and imaginary parts of the

complex number ĤMPSK
s , respectively, i.e.,

�
{
ĤMPSK

s

}
=

CT
1 C2

(
CT

3 C3 +CT
2 C3

)
2j
(
CT

2 C2CT
3 C3 −

(
CT

2 C3

)2)

−
CT

1 C3

(
CT

2 C2 +CT
2 C3

)
2j
(
CT

2 C2CT
3 C3 −

(
CT

2 C3

)2)

�
{
ĤMPSK

s

}
= j�{ĤMPSK}

(
CT

2 C2 −CT
3 C3

)
(C2 +C3)T (C2 +C3)

− CT
1 C2 +CT

1 C3

(C2 +C3)T (C2 +C3)
. (43)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1
Δ
= [C1, nt+1, . . . , C1,N ]T

C2
Δ
= [C2,nt+1, . . . , C2,N ]T

C3
Δ
= [C3,nt+1, . . . , C3,N ]T ∀ i = nt + 1, . . . , N.

C1i = |rt(i)|2 −
∑N

k=nt+1
|rt(k)|2

N−nt

C2i =

∑N

k=nt+1
s∗
1k

rt(k)

N−nt
− s∗1irt(i)

C3i =

∑N

k=nt+1
s1kr

∗
t (k)

N−nt
− s1ir

∗
t (i).

VII. ANALYSIS OF LOW-COMPLEXITY

MAXIMUM-LIKELIHOOD CHANNEL

ESTIMATION ALGORITHM

Here, we will analyze the computational complexity of the
LCML algorithm and its behaviors in the cases of high SNR
and large frame length, as well as its MSE performance.

A. Computational Complexity Analysis

To achieve the objective of the signal demodulation of s2
from (14) in synchronous AF-TWRNs, we first cancel the self-
interference term Hs1 in (14) with the channel state informa-
tion of ĤMPSK

lcml derived in (25) and (26), and the transmitted
signal s1. Then, φ̂g is obtained from (10) with the help of only
one training symbol, so that the phase ambiguity in MPSK
demodulation could be resolved. Due to the phase modulation,
|Ĝ| and σ̂2 are not needed for the signal demodulation [11].
Therefore, the demodulation of s2 depends only on the avail-
ability of ĤMPSK

lcml and the training symbol. Equations (25) and
(26) indicate that the calculation of the closed-form expression
of channel estimation involves summation and multiplication
operations. The computational complexity is considered in
terms of the number of samples N . The summation operation
leads to computational complexity of O(N), and the multipli-
cation operation results in constant complexity. As a result, the
computational complexity of the LCML estimation algorithm
is O(N) in the case of M > 2. Similarly, from (21), we obtain
that the computational complexity of the LCML estimation
algorithm as O(N) in the case of M = 2.
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Since the signal demodulation only depends on the availabil-
ity of ĤMPSK

lcml and the training symbol, the following analysis
focuses on the channel estimation ĤMPSK

lcml . Hereafter, we de-
note ĤMPSK

lcml as Ĥ for simplicity.

B. Large Sample Size

In the large-frame-length scenario, we will prove that, when
the channel parameter spaces of H and G are restricted to
compact sets [12], the LCML channel estimator is consistent
[12]. In other words, if channel parameters H and G are
bounded, Ĥ converges in probability to the real channel value
H as the frame length N becomes larger.

For simplicity, we define the estimation error v
Δ
= H − Ĥ

and VN (v)
Δ
= f(r;H − v). Then, (24) is expressed as

VN (v) =
1
N

N∑
i=1

(
|zi(v)|2 −

∑N
k=1 |zk(v)|

2

N

)2

(44)

where zi(v)
Δ
= vs1i +Gs2i + ni, i = 1, . . . , N . In (44), VN (v)

represents the sample variance of random variable |zi(v)|2.
Since the channel estimator (44) belongs to the class of ex-
tremum estimators [15], we use the following fundamental
lemma for the consistency of extremum estimators [15], to
prove the consistency of the proposed LCML channel estimator.

Lemma 1: If v belongs to a compact set Ω and VN (v)
converges uniformly to F (v), where F (v) is continuous and
uniquely minimized at v = vo, then v̂ converges in probability
to vo, where v̂ = argminv∈Ω VN (v).

In (44), signal terms s1i and s2i and noise term ni are i.i.d.
for each index i = 1, . . . , N . As a result, zi(v) is i.i.d., and we
define V (v) as the true variance of |zi(v)|2. V (v) is considered
the function F (v) in Lemma 1. If Conditions 1.1, 1.2, and 1.3
are satisfied:

Conditions:
1) the channel parameter H , G ∈ compact set Ω;
2) the optimization function VN (v) converges uniformly

[16] to V (v);
3) V (v) is continuous and has a unique global minimum at

vo = 0;
then Lemma 1 could be applied to the LCML channel estimator,
which implies that v̂ converges in probability to vo. Condi-
tion 1.3 shows that estimation error vo = 0. Then, we could
conclude that Ĥ converges in probability to the real channel
value H (see Theorem 1), i.e., the LCML channel estimator is
consistent.

Theorem 1: If H and G ∈ Ω, the following channel
estimator:

Ĥ = argmin
u∈C

1
N

N∑
i=1

(
|ri − us1i|2 −

‖r− us1‖2
N

)2

is consistent.
Proof: See Appendix E. �

The consistency of the LCML channel estimator suggests
that, in each estimation process, the estimation becomes more
accurate with larger frame length N .

C. High SNR

Theorem 2: For a fixed finite frame length N , the pro-
posed LCML channel estimator approaches the true channel as
SNR → ∞ with probability 1 − (1/2N−1) for BPSK (M = 2)
and 1 − (M − 1)(2/M)N−1 for MPSK (M > 2).

Proof: It has been proven in [10, App. D] that the DML
algorithm approaches the true channel with the probability
1 − (2/M)N−1(M − 1) in the scenario of high SNR. As the
proposed LCML algorithm for MPSK (M > 2) behaves ex-
actly the same as the DML estimator, we use the conclu-
sion of [10] and obtain that the LCML algorithm for MPSK
(M > 2) approaches the true channel with the probability
1 − (2/M)N−1(M − 1) in the scenario of high SNR. The
LCML algorithm for BPSK (M = 2) is different from that for
MPSK (M > 2). Hence, we analyze the behavior of the LCML
channel estimator for BPSK (M = 2) in high SNR scenarios in
Appendix F and conclude that the LCML algorithm for BPSK
approaches the true channel with the probability 1 − (1/2N−1)
in the scenario of a high SNR. �

D. MSE Performance

Here, the MSE performance of the proposed LCML channel
estimator will be assessed analytically. We derive the expres-
sion for the MSE in terms of the SNR and frame length N . The
definition of the channel estimation MSE is

MSEĤ =E
{
|Ĥ −H|2

}
= MSE�{Ĥ} + MSE�{Ĥ}

MSE�{Ĥ} =E

{(
�{Ĥ} − �{H}

)2}

MSE�{Ĥ} =E

{(
�{Ĥ} − �{H}

)2}
. (45)

We begin with the calculation of MSE�{Ĥ}. By expanding

(26), we obtain �{Ĥ} = f(x, y)
Δ
= (x/y), where⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

x =
N∑
i=1

C1iC2i

(
N∑
i=1

C2
3i +

N∑
i=1

C2iC3i

)

−
N∑
i=1

C1iC3i

(
N∑
i=1

C2
2i +

N∑
i=1

C2iC3i

)

y = 2j

(
N∑
i=1

C2
2i

N∑
i=1

C2
3i −

(
N∑
i=1

C2iC3i

)2
)
.

(46)

Equation (46) shows that x and y are the summations of
N terms. According to the central limit theorem [16], x and
y are asymptotically complex normal distributed random vari-
ables with expectations μx and μy and variances σ2

x and σ2
y ,

respectively.
For the simplicity of MSE�{Ĥ} calculation, we approxi-

mate �{Ĥ} as its first-degree Taylor polynomial representation
[17] (μx/μy) + (x/μy)− (μxy/μ

2
y) at the point (μx, μy) (see

Lemma 2).
Lemma 2: If SNR → ∞, f(x, y) = (x/y) equals its first-

degree Taylor polynomial approximation at the point (μx, μy),
namely

f(x, y) =
μx

μy
+

x

μy
− μxy

μ2
y

.
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Proof: See Appendix G. �
As proven in Lemma 2, under the condition SNR → ∞,

we have

�{Ĥ} =
μx

μy
+

x

μy
− μxy

μ2
y

. (47)

After calculating the expectation of (47), we obtain the first
moment of �{Ĥ} as

E
{
�(Ĥ)

}
=

μx

μy
. (48)

The expectations of x and y are calculated from (66), and we
obtain (μx/μy) = �{H}. That is, E{�(Ĥ)} = �{H}. Simi-
larly, we derive E{�(Ĥ)} = �{H}. Therefore, E{Ĥ} = H ,
which suggests that the LCML channel estimator is unbiased if
SNR → ∞, and this helps to proves the following theorem.

Theorem 3: If SNR → ∞, the following channel estimator:

Ĥ = argmin
u∈C

1
N

N∑
i=1

(
|ri − us1i|2 −

‖r− us1‖2
N

)2

is unbiased.
It has been proven that E{�(Ĥ)} = �{H} on the condition

SNR → ∞. Replacing �{H} with E{�(Ĥ)} in (45), we ob-
tain MSE�{Ĥ} as

MSE�{Ĥ} = E

{[
�(Ĥ)− E

{
�(Ĥ)

}]2}
. (49)

By substituting (47) and (48) into (49), MSE�{Ĥ} is ex-
pressed as

MSE�{Ĥ} =
E{x2}
μ2
y

− 2
μx

μy

E{xy}
μ2
y

+

(
μx

μy

)2
E{y2}
μ2
y

.

Likewise, we derive MSE�{Ĥ} and then obtain the expression
of MSEĤ by analyzing the moments of x and y from (66), i.e.,

MSEĤ =
σ2

A2N
κ (50)

where

κ=
4A2|G|2(N4−8N3+8N2−4N+1)

(
σ4+A2|G|2

)2
(N2−3N+2)2(|G|2A2+σ2)4

+
2(N−1)(N3−3N2+N−1)

(
|G|4A4+σ4

)(
σ4+A2|G|2

)2
(N2−3N+2)2(|G|2A2+σ2)4

.

Equation (50) shows κ ∝ 2 + (σ2/A2N) and MSEĤ ∝
(2σ2/A2N), which implies that the LCML channel estimations
approach the true channel parameter values in a scenario with
either a high SNR or a large frame length. Furthermore, we
derive the MSE expression of the LCML algorithm in the case
of BPSK (M = 2) from the closed-form channel estimation
(21) as

MSEHBPSK
lcml

=
σ2

A2N
. (51)

Fig. 4. Comparison of MSE performance of the LCML, MCML, and DML
channel estimators versus SNR for N = 45.

Fig. 5. MSE performance of the LCML channel estimator versus SNR for
N = 45.

VIII. SIMULATION RESULTS

Here, we will evaluate the performance of the proposed LCML,
GLCML, and JSCE algorithms numerically by Monte Carlo
simulations over flat-fading channels. In the simulations, we em-
ploy MPSK signal modulation and assume Pr=P1=P2=P .
The SNR is defined as (P/σ2

n), where σ2
n denotes the AWGN

power. The channel parameters h1, h2, g1, and g2 are modeled
as i.i.d. in CN (0, 1) and remain fixed during one frame.

We begin by comparing the MSE performance of the DML
and MCML algorithms with the LCML channel estimators.
The three algorithms are proposed for channel estimation in
synchronous TWRNs. The MSE performance comparison for
different modulation orders is plotted versus the SNR for frame
length N = 45 in Fig. 4, which shows that the proposed LCML
estimator achieves as good MSE performances as the DML
and MCML estimators. Due to the nonconvex optimization
function, the DML and MCML algorithms have to rely on
numerical solutions by using optimization tools. In contrast, the
LCML algorithm is based on a closed-form channel estimator.

Figs. 5 and 6 show the MSE performance of the LCML
channel estimator versus SNR for frame length N = 45 and
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Fig. 6. MSE performance of the LCML channel estimator versus N for
SNR = 20 dB.

Fig. 7. SER performance of the LCML channel estimator versus SNR for
N = 20 with 1 training symbol.

versus N for SNR = 20 dB, respectively. The analytical MSE
performance is included as a reference in both figures. The MSE
performance of the LCML channel estimator improves with
increasing SNR or N . The simulation results verify Theorems 1
and 2 in Section VII that the proposed LCML channel estimator
approaches the true channel in the case of high SNR and is
consistent in the case of a large frame length. The numeri-
cal MSE performance approaches the theoretical MSE, which
verifies the MSE analysis in Section VII-D that the analytical
expression of MSE is inversely proportional to SNR and N .

Next, the SER performance of the LCML is shown in Fig. 7.
In the proposed algorithms, we use only one training symbol to
find φ̂g, which will be applied to resolve the phase ambiguity
[16] in the signal demodulation. Fig. 7 shows that one training
symbol is sufficient to achieve a near optimal SER.

In the scenarios of time-varying channels, the MSE per-
formance of the proposed algorithm versus SNR is shown in
Fig. 8. The Jakes’ channel model [18] is used to simulate the
time-varying channel with the normalized Doppler frequency
fdT , where fd is the Doppler shift, and T is the input symbol
period. In Fig. 8, the channel is static when fdT = 0, which is
the channel model assumed in this paper. In the case of time-

Fig. 8. MSE performance of the LCML channel estimator in time-varying
channels versus SNR in the case of N = 45.

Fig. 9. MSE performance of the GLCML channel estimator versus SNR for
N = 45 in QPSK.

varying channels, the MSE performance degrades as the LCML
algorithm is not designed for time-varying channels. However,
in the case where fade rate fdT is 0.0005, the LCML algorithm
achieves a similar MSE performance as in the static channel
scenario. This demonstrates that the proposed LCML algorithm
is applicable to some slow time-varying channels.

The MSE performance of the GLCML algorithm with timing
offset nt = 5 and nt = 25 for QPSK is shown in Fig. 9. When
nt = 25, the ESSC (29) holds. Then, the nonoverlapped signal
is selected to obtain channel estimation that gives a better
estimation MSE than the overlapped signal. If nt = 5, (29) no
longer holds. Thus, the overlapped signal is used to estimate
channel parameters. Fig. 9 shows that the GLCML algorithm
always selects the samples producing a channel estimation with
the minimum MSE in the timing asynchronous system.

Fig. 10 shows the frame synchronization error in BPSK
and QPSK of the FACE algorithm, which is defined as (|n̂t −
nt|/nt), versus (nt/N) for SNR = 20 dB. The synchroniza-
tion performance improves with the frame length N , which
confirms the theoretical result in Section VI-A that the syn-
chronization error approaches zero if N → ∞. As the signal
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Fig. 10. Frame synchronization performance of the FACE algorithm versus
frame offset for SNR = 20 dB.

Fig. 11. MSE performance of the JSCE channel estimator versus SNR for
N = 45 in the case of frame offset nt �= 0.

power detection and the cross-correlation method are employed
in the FACE algorithm to determine the frame offset, the
FACE algorithm achieves the same frame synchronization error
performance in the cases of different modulation orders.

The MSE performance of the JSCE algorithm for different
modulation orders is plotted versus SNR for frame length N =
45 in Figs. 11 and 12. For simplicity, the rectangular pulse-
shaping filter is used. In both cases where the frame offset
nt = 0 and nt = 0, the JSCE algorithm is able to achieve
accurate symbol offset estimations. Figs. 10–12 show that the
JSCE achieves joint channel and timing offset estimation in the
asynchronous system.

IX. CONCLUSION

In this paper, we proposed an LCML algorithm and a JSCE
algorithm for channel estimation in AF-TWRNs. In the LCML
algorithm, we formulated a convex optimization objective func-
tion and obtained a closed-form channel estimation in syn-
chronous AF-TWRNs. The GLCML algorithm was proposed in
the asynchronous TWRNs by extending the LCML algorithm
and the JSCE algorithm was proposed to estimate the timing

Fig. 12. MSE performance of the JSCE channel estimator versus SNR for
N = 45 in the case of frame offset nt = 0.

offset and channel parameters jointly. The LCML estimator
achieves closed-form estimations. Theoretical analysis of the
LCML algorithm proves that the derived channel estimates
approach the real channel parameter values in scenarios with
a high SNR or a large frame length. Both the analytical MSE
expression and Monte Carlo simulations show that the average
MSE performance of the LCML channel estimator improves
as either SNR or frame length increases. The numerical results
show that the GLCML algorithm achieves channel estimation
performance as good as the LCML algorithm even in the
presence of timing offset, and the JSCE algorithm is able to
achieve accurate timing offset and channel estimations jointly.

APPENDIX A

As frequency is perfectly synchronized between both source
nodes, source node T1 downconverts the received signal to the
baseband signal as follows:

r(t) = H

N∑
i=nt+1

s1, if(t− iT − τ)

+ G

N∑
i=nt+1

s2, if(t− iT ) +Kh2n1(t) + n2(t) (52)

where H = Kh1h2, and G = Kg1h2. As T1 is able to synchro-
nize with s2(t), it filters the baseband signal with a matched
filter f ′(t) = f(T − t) and then samples it at every T period
to get

rasync(i) = H [f1(τ)s1, i + f2(τ)s1, i+1] +Gs2, i−nt

+Kh2n1i + n2i, i = nt + 1, . . . , N (53)

where f1(τ) and f2(τ) are the factors resulting from the symbol
offset τ and the use of a matched filter. f1(τ) and f2(τ) are
estimated together with H by the GLCML algorithm.

In the following, we will show the derivation from (52) to
(53) step by step and conclude that the values of f1(τ) and
f2(τ) are related to the filter type and symbol offset τ . In
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addition, it is proven that f1(τ) and f2(τ) < 1, regardless of
the filter type.

As different types of filters do not affect the noise part in
the received samples, we consider that the noise-free signal is
received by T1 for simplicity, i.e.,

r(t) = H
N∑

i=nt+1

s1, if(t− iT − τ) +G
N∑

i=nt+1

s2, if(t− iT ).

Let r(t) pass through the matched filter f ′(t), we obtain

r′(t)=r(t) ∗ f ′(t)=

(
H

N∑
i=nt+1

s1, if(t− iT − τ)

)
∗ f ′(t)

+

(
G

N∑
i=nt+1

s2, if(t− iT )

)
∗ f ′(t)

=H

∞∫
−∞

(
N∑

i=nt+1

s1, if(μ− iT − τ)

)
f ′(t− μ) dμ

+G

∞∫
−∞

(
N∑

i=nt+1

s2, if(μ− iT )

)
f ′(t− μ) dμ

=H

∞∫
−∞

(
N∑
i=1

s1, if(μ− iT − τ)

)
f(T − t+ μ) dμ

+G

∞∫
−∞

(
N∑
i=1

s2, if(μ− iT )

)
f(T − t+ μ) dμ

=H

N∑
i=nt+1

⎛
⎝s1, i

∞∫
−∞

f(μ− iT − τ)f(μ+ T − t) dμ

⎞
⎠

+G

N∑
i=nt+1

⎛
⎝s2, i

∞∫
−∞

f(μ− iT )f(μ+ T − t) dμ

⎞
⎠ .

Define x
Δ
= μ+ T − t; thus, r′(t) is updated as

r′(t)=H
N∑

i=nt+1

⎛
⎝s1, i

∞∫
−∞

f(x)f (x−(i+1)T+t−τ) dx

⎞
⎠

+G

N∑
i=nt+1

⎛
⎝s1, i

∞∫
−∞

f(x)f (x− (i+ 1)T + t) dx

⎞
⎠ .

Note that there exist autocorrelation terms of f(x) in (54);
thus, we denote the autocorrelation of f(x) as R(Δx) =∫∞
−∞ f(x)f(x+Δx) dx and obtain

r′(t) = H

N∑
i=nt+1

R (t− (i+ 1)T − τ) s1, i

+G

N∑
i=nt+1

R (t− (i+ 1)T ) s2, i.

Then, sampling the signal every T period yields

rasync(i) = R(τ)Hs1, i +R(T − τ)Hs1, i−1 +Gs2, i,
i = nt + 1, . . . , N.

Hence, f1(τ) = R(τ) and f2(τ) = R(T − τ), whose values
are related to the filter type and symbol offset τ . The normalized
value of R(Δx) has the following property: R(Δx) = 1 if
Δx = 0; otherwise, R(Δx) < 1. Therefore, f1(τ), f2(τ) < 1.
In the case of rectangular pulse-shaping filters, f1(τ) = ((T −
τ)/T ), and f2(τ) = (τ/T ).

APPENDIX B

Here, we will derive V (v), which is the variance of |zi(v)|2,
as stated in (57). |zi(v)|2 could be expanded as

|zi(v)|2 = A2|v|2 +A2|G|2 + vG∗s1is
∗
2i + v∗Gs∗1is2i

+ |ni|2 + (vs1i +Gs2i)n
∗
i + (v∗s∗1i +G∗s∗2i)ni. (54)

First, assuming that s1i and s2i are deterministic, the condi-
tional expectation and variance [19] of |zi(v)|2 are obtained as

E
{
|zi(v)|2 | (s1i, s2i)

}
=A2|v|2+A2|G|2+vG∗s1is

∗
2i+v∗Gs∗1is2i+|h2|2σ2

n+σ2
n

Var
{
|zi(v)|2 | (s1i, s2i)

}

=E
{
|zi(v)|4 | (s1i, s2i)

}
−E
{
|zi(v)|2 | (s1i, s2i)

}2

=2
(
K2|h2|2σ2

n+σ2
n

)
×
(
A2|v|2+A2|G|2+vG∗s1is

∗
2i+v∗Gs∗1is2i

)
. (55)

According to the total law of variance [19]

Var
{
|zi(v)|2

}
= E

{
Var
{
|zi(v)|2 |(s1i, s2i)

}}
+Var

{
E
{
|zi(v)|2 |(s1i, s2i)

}}
E
{
Var
{
|zi(v)|2 |(s1i, s2i)

}}
= 2
(
K2|h2|2σ2

n + σ2
n

) (
A2|v|2 +A2|G|2

)
Var
{
E
{
|zi(v)|2 |(s1i, s2i)

}}

= E

{
E
{
|zi(v)|2 |(s1i, s2i)

}2
}

− E
{
E
{
|zi(v)|2 |(s1i, s2i)

}}2

= 2A4|v|2|G|2.

Expand V (v) with respect to (�{v},�{v}); then, we get

V (v) = 2A2|G|2
(
K2|h2|2σ2

n + σ2
n

)
+ 2A2

(
K2A2|h2|2σ2

n +A2|G|2 + σ2
n

)
|v|2 (56)

where |v|2 = (�{v}2 + �{v}2), and (�{v},�{v}) ∈ R
2.
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APPENDIX C

Lemma 3: Assume H and G both belong to compact set Ω,
then VN (v) converges uniformly to V (v) as N → ∞.

Proof: We use the uniform law of large numbers (see
Lemma 4) [15] to prove Lemma 3. Let g(xi, θ) be a function of
the parameter θ ∈ Ω and a sequence of i.i.d. random variables
xi ∈ C, i = 1, . . . , N .

Lemma 4: Suppose that, for all xi, (a) g(xi, θ) is continuous
at each θ ∈ Ω with a probability of 1, (b) g(xi, θ) is dominated
by a function D(xi) for all θ ∈ Ω, i.e., |g(xi, θ)| ≤ D(xi),
∀ θ ∈ Ω, and (c) E{D(xi)} < ∞, then (1/N)

∑N
i=1 g(xi, θ)

converges uniformly to E{g(xi, θ)} when N → ∞:
supθ∈Ω|(1/N)

∑N
i=1 g(xi, θ)− E{g(xi, θ)}|

p→ 0, N → ∞.
First, we will prove that Lemma 4 is applicable to |zi(v)|2.

Since zi(v)
Δ
= vs1i +Gs2i + ni, i = 1, . . . , N , and |zi(v)|2 is

derived in Appendix B as follows:

|zi(v)|2 = A2|v|2 +A2|G|2 + vG∗s1is
∗
2i + v∗Gs∗1is2i

+ |ni|2 + vs1in
∗
i +Gs2in

∗
i + v∗s∗1ini +G∗s∗2ini.

|zi(v)|2 is a function of fixed parameters v and G, and i.i.d.

random variables s1i, s2i, and ni. Define vector z
Δ
= [A2|v|2,

A2|G|2, vG∗s1is
∗
2i, v

∗Gs∗1is2i, |ni|2, vs1in∗
i , Gs2in

∗
i , v

∗s∗1ini,
G∗s∗2ini]. Note that Lemma 4 can be extended to multivariate
cases with multiple fixed parameters and random variables [10].
Condition (a) is met, as |zi(v)|2 is continuous at each v, G ∈ Ω
with probability of 1. Using the triangle inequality [12], we
obtain |zi(v)|2 ≤ (|vs1i|+ |Gs2i|+ |ni|)2. As |H|, |G| < ξ
is assumed in Condition 1.1, i.e., |zi(v)|2 ≤ 4A2ξ2 + |ni|2 +
4Aξ|ni|, then condition (b) is satisfied. Define d(ni)

Δ
=4A2ξ2+

|ni|2+4Aξ|ni|; thus, we get E{d(ni)} = 4A2ξ2 + (K2

|h2|2+1)σ2
n+
√

(2σ2
n(K

2|h2|2+1)/π). Since channel co-
efficient h2 and noise power σn are bounded, E{d(ni)}<∞,
and condition (c) is met. Therefore, Lemma 4 can be applied
to |zi(v)|2 to prove that supv∈Ω|(1/N)

∑N
i=1 |zi(v)|2 −

E{|zi(v)|2}|
p→ 0 as N → ∞.

It has been proven that the sample mean (1/N)
∑N

i=1

|zi(v)|2 converges uniformly to the expectation E{|zi(v)|2}
as N → ∞. If we define random i.i.d. gi(v)

Δ
= (|zi(v)|2 −

(
∑N

k=1 |zk(v)|2/N))2, i = 1, . . . , N , then gi(v) converges uni-
formly to g′i(s1i, s2i, ni; v,G) = (|zi(v)|2 − E{|zk(v)|2})2.
Here, g′i(s1i, s2i, ni; v,G) is a function of parameters v and
G, and random variables s1i, s2i, and ni. Then, we will
validate that Lemma 4 can be applied to g′i(s1i, s2i, ni; v,G).
By inspection, g′i(s1i, s2i, ni; v,G) is continuous at each v,
G ∈ Ω with a probability of 1; hence, condition (a) is met.
Using triangle inequality, we get the dominant function of
|g′i(s1i, s2i, ni; v,G)| from (54) (see Appendix B), i.e.,

|g′i(s1i, s2i, ni; v,G)|
=
∣∣vG∗s1is

∗
2i + v∗Gs∗1is2i + |ni|2 + (vs1i +Gs2i)n

∗
i

+(v∗s∗1i +G∗s∗2i)ni −K2|h2|2σ2
n − σ2

n

∣∣2
≤
(
|vG∗s1is

∗
2i|+ |v∗Gs∗1is2i|+ |ni|2 + |(vs1i +Gs2i)n

∗
i |

+ |(v∗s∗1i +G∗s∗2i)ni|+K2|h2|2σ2
n + σ2

n

)2
<
(
2A2ξ2 + |ni|2 + 4Aξ|ni|+K2ξ2σ2

n + σ2
n

)2
.

Define D(ni)
Δ
= (2A2ξ2+|ni|2 + 4Aξ|ni|+K2ξ2σ2

n + σ2
n)

2;
thus, condition (b) is met. Since noise power σ2=(K2|h2|2 +
1)σ2

n and |h2|<ξ, E{D(ni)}<∞, and condition (c) is met. As
a result, we obtain supv∈Ω|(1/N)

∑N
i=1 g

′
i(s1i, s2i, ni; v,G)−

E{g′i(s1i, s2i, ni; v,G)}| p→ 0 as N → ∞.
The conclusion that supv∈Ω|(1/N)

∑N
i=1|zi(v)|2−E{|zi(v)|2}|

p→ 0 as N → ∞ implies that VN (v) (44) converges uniformly
to (1/N)

∑N
i=1 g

′
i(s1i, s2i, ni; v,G). Since V (v) = E{g′i(s1i,

s2i, ni; v,G)} and it has been proved that (1/N)
∑N

i=1 g
′
i(s1i,

s2i, ni; v,G) converges uniformly to E{g′i(s1i, s2i, ni; v,G)}
as N → ∞, therefore, VN (v) converges uniformly to V (v) as
N → ∞. �

APPENDIX D

Lemma 5: V (v) has a unique global minimum with respect
to v occurring at vo = 0.

Proof: To demonstrate Condition 1.3, we will prove that
v = 0 is a local minimum of V (v) first (see Lemma 6) and then
the convexity of V (v) (see Lemma 7).

Lemma 6: v = 0 is a local minimum of V (v).
Proof: Expanding V (v) and we obtain (see Appendix B)

V (�{v},�{v})=2A2|G|2
(
|h2|2σ2

n+σ2
n

)
+ 2A2

(
A2|h2|2σ2

n+A2|G|2+σ2
n

) (
�{v}2+�{v}2

)
(57)

with (�{v},�{v}) ∈ R
2, where R denotes real number field.

The first partial derivative [12] of V (v) is

∂V

∂�{v} = 4A2
(
A2|h2|2σ2

n +A2|G|2 + σ2
n

)
�{v}

∂V

∂�{v} =4A2
(
A2|h2|2σ2

n +A2|G|2 + σ2
n

)
�{v}

which are equal to zero at the critical point (0, 0), i.e., v = 0 is a
local extremum. According to the second partial derivative test
[12], the second derivative test discriminant is

∇2V (v) =

∣∣∣∣∣
∂2V

∂�{v}2
∂V

∂�{v}∂�{v}
∂V

∂�{v}∂�{v}
∂2V

∂�{v}2

∣∣∣∣∣
where the second partial derivatives of V (v) are

∂V

∂�{v}∂�{v}=0

∂2V

∂�{v}2 =
∂2V

∂�{v}2 =4A2
(
A2|h2|2σ2

n+A2|G|2+σ2
n

)
.

Then, we get ∇2V (v)=16A4(A2|h2|2σ2
n+A2|G|2+σ2

n)
2>

0 and (∂2V/∂�{v}2)> 0 at v = 0. Hence, the local extremum
v = 0 is a local minimum of V (v). �

Then, we will prove this local minimum is also the global
minimum of V (v) by demonstrating the convexity of V (v)
according to Lemma 7 [9].
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Lemma 7: Define domV as the domain of V ; then, V (v)
is convex if and only if domV is convex and its Hessian is
positive semidefinite: For all v ∈ domV , ∇2V (v) ≥ 0.

It has been proven in Lemma 6 that ∇2V > 0 for all
(�{v},�{v}) ∈ R

2. Since domV = R
2 is convex, V (v) is a

convex function according to Lemma 7. For a convex function,
its local minimum is also the global minimum; therefore, the
local minimum point v = 0 is the global minimum of V (v).
We complete the proof based on Lemmas 6 and 7. �

APPENDIX E

Theorem 1:
Proof: Regarding Condition 1.1, there are no upper

bounds on H and G, strictly speaking, if we treat h1, h2, g1, and
g2 as ideal complex Gaussian random variables. However, we
can always choose a sufficiently large ξ such that Pr(|H|, |G| <
ξ) = 1 − ε, where ε can be made arbitrarily small. Therefore,
Condition 1.1 can be satisfied by assuming that the amplitude of
channel coefficients h1, h2, g1, and g2 are bounded. Conditions
1.2 and 1.3 have been proven in Lemma 3 (see Appendix C) and
Lemma 5 (see Appendix D), respectively. Since Conditions 1.1,
1.2, and 1.3 are satisfied, Theorem 1 holds. �

APPENDIX F

Theorem 2:
Proof: For simplicity, we define the estimation error v2

Δ
=

H − ĤBPSK
lcml . Then, (20) is expressed as

FBPSK
sync (v2)

=
1
N

N∑
i=1

∣∣∣∣∣z2i (v2)−
∑N

k=1 z
2
k(v2)

N

∣∣∣∣∣
2

=
1
N

N∑
i=1

(
�
{
z2i (v2)

}
−
∑N

k=1 �
{
z2k(v2)

}
N

)2

+
1
N

N∑
i=1

(
�
{
z2i (v2)

}
−
∑N

k=1 �
{
z2k(v2)

}
N

)2

(58)

where zi(v2)
Δ
= v2s1i +Gs2i + ni, i = 1, . . . , N . Equation

(58) represents the sum of sample variance of the real and
imaginary parts of random variable z2i (v2).

zi(v2) in (58) is approximated as zi(v2) = v2s1i +Gs2i,
i = 1, . . . , N , as SNR → ∞. As s1i, s2i = ±1 in BPSK, we
obtain

z2i (v2)= v22 +G2 + 2v2Gs1is2i

�
{
z2i (v2)

}
=�

{
v22 +G2

}
+ 2�{v2G} cos(φ1i + φ2i) (59)

�
{
z2i (v2)

}
=�

{
v22 +G2

}
+ 2�{v2G} cos(φ1i + φ2i). (60)

Since the objective function (58) is the sum of the sam-
ple variance of �{z2i (v2)} and �{z2i (v2)}, it is obvious that
FBPSK
sync (v2) ≥ 0 with equality if and only if the terms z2i (v2),

i = 1, . . . , N , are all equal. This is equivalent to either of the
following two conditions given G = 0:

{
Condition 1 : v2 = 0, Condition 2 : xi = xj

xi = cos(φ1i + φ2i), xj = cos(φ1j + φ2j),
where i = j and i, j = 1, . . . , N.

(61)

Condition 1 indicates that there is an unique global minimum
of the objective function at v2 = 0, i.e., ĤBPSK

lcml = H . Whereas,
on the other hand, there are infinite number of global minimum
if Condition 2 holds. In BPSK, xi, xj = ±1 as φ1i, φ2i = [0, π].
As a result, Pr(Condition 2) = (1/2N−1).

The probability that there exists an unique global minimum
of the objective function (58) conditioned on SNR → ∞ is 1 −
(1/2N−1). �

APPENDIX G

In the following, we will validate Lemma 2 by proving
�{Ĥ} equals its Taylor series expansion T (x, y) if either SNR
or N → ∞ (see Lemma 8) at first and then demonstrating
T (x, y) = (μx/μy) + (x/μy)− (μxy/μ

2
y) if SNR → ∞ (see

Lemma 9).
Since the multivariate function f(x, y) = (x/y), where

(x, y) ∈ C
2 is k + 1 times continuously differentiable at the

point (μx, μy) ∈ C
2, its Taylor series expansion at the point

(μx, μy) is expressed as

T (x, y) =

k∑
nx+ny=0

∂nx+nyf(μx, μy)

∂xnx∂yny

(x− μx)
nx(y − μy)

ny

nx!ny!

+
∑

n′
x+n′

y=k+1

Rn′
x+n′

y
(x, y)(x− μx)

n′
x(y − μy)

n′
y

where nx, ny , n′
x, n′

y ∈ N, and Rk+1(x, y) is the remainder of
the kth-degree Taylor polynomial approximation [17].

Lemma 8: The Taylor series expansion T (x, y) about the
point (μx, μy) is equal to f(x, y) = (x/y) for (x, y) ∈ C

2 if
and only if either SNR or frame length N → ∞.

Proof: Since f(x, y) = (x/y) is infinitely differentiable
at the point (μx, μy), its Taylor series expansion is summed
up as

T (x, y) = lim
k→∞

x

y

(
1 −
(

1 − y

μy

)k
)

which shows that, if |y − μy| < |μy| holds, then T (x, y) =
f(x, y). Next, we will prove that Pr(|y − μy| < |μy|) = 1 if
either SNR or N → ∞.
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As y is a complex normal distributed variable in CN (μy, σ
2
y),

where

μy =
−j2(A4A2|G|2 + σ2)2(N2 − 3N + 2)

N2

σ2
y =

8A7σ(A2|G|2 + σ2)4(N2 − 3N + 2)2

|G|4N5
(62)

according to its cumulative distribution function, we obtain

Pr (|y − μy| < |μy|) = erf

⎛
⎝ |μy|√

2σ2
y

⎞
⎠ (63)

where erf(x) denotes the error function [11]. By sub-
stituting (62) into (63), we obtain Pr(|y − μy| < |μy|) =
erf((|G|2/2)

√
(AN/σ)). The values of the error function state

that, if (|G|2/2)
√

(AN/σ) → ∞, then Pr(|y − μy| < |μy|) =
1, which implies that Taylor series expansion T (x, y) equals
the function f(x, y) for (x, y) ∈ C

2 in a scenario with either a
high SNR or a large frame length. �

There is no need to meet the strict requirement of (|G|2/2)√
(AN/σ) → ∞. As long as (|G|2/2)

√
(AN/σ) is not too

small, T (x, y) = f(x, y) holds. For example, erf((|G|2/2)√
(AN/σ)) = 0.9953 when (|G|2/2)

√
(AN/σ) = 2. In prac-

tical applications, it is possible to adjust SNR or frame length
N , to satisfy the condition for Pr(|y − μy| < |μy|) = 1.

Lemma 9: If SNR → ∞, the Taylor series T (x, y) equals
its first-degree Taylor polynomial approximation at the point
(μx, μy), namely

T (x, y) =
μx

μy
+

x

μy
− μxy

μ2
y

. (64)

Proof: Expand T (x, y) to its first-order Taylor polyno-
mial approximation; then, we obtain

T (x, y) =
μx

μy
+

x

μy
− μxy

μ2
y

+R2(x, y)

where R2(x, y) is the remainder [17]. According to Taylor’s
theorem for multivariate functions [17], the upper bound of the
remainder Rk+1(x, y) is

|Rk+1(x, y)| ≤ max
n′
x+n′

y=k+1
max

(x, y)∈R2

k + 1
n′
x!n

′
y!

∣∣∣∣∂k+1f(x, y)

∂xn′
x∂yn

′
y

∣∣∣∣
(65)

where Rk+1(x, y) represents the remainder of the kth-degree
Taylor polynomial approximation. Equation (65) indicates that
the upper bound of |Rk+1(x, y)| is related to the maximum
norm of the k + 1th partial derivative of f(x, y). As we expand
Taylor series T (x, y) to its first order, k = 1 in this case.
Calculate the second-order partial derivative of f(x, y); then,
we obtain the upper bound of the remainder |R2(x, y)|, i.e.,

|R2(x, y)|up = max

{∣∣∣∣2xy3
∣∣∣∣ ,
∣∣∣∣ 2
y2

∣∣∣∣
}
.

Expanding x and y from (26) and approximating x and y under
the condition of SNR → ∞ yield

x=−2j|G|4�{H}

∗
(
A8− 2A4

N2
sT2 s

∗
1s

T
1 s

∗
2−
(
sT2
)2
· (s

∗
1)

2
·
(
sT1
)2
· (s

∗
2)

2
·

N2

+

(
sT2
)2
· (s

∗
1)

2
·
(
sT1 s

∗
2

)2
N3

+

(
sT1
)2
· (s

∗
2)

2
·
(
sT2 s

∗
1

)2
N3

)

y=−2j|G|4

∗
(
A8− 2A4

N2
sT2 s

∗
1s

T
1 s

∗
2−
(
sT2
)2
· (s

∗
1)

2
·
(
sT1
)2
· (s

∗
2)

2
·

N2

+

(
sT2
)2
· (s

∗
1)

2
·
(
sT1 s

∗
2

)2
N3

+

(
sT1
)2
· (s

∗
2)

2
·
(
sT2 s

∗
1

)2
N3

)
. (66)

Here, we define s2·
Δ
= [s21, s

2
2, . . . , s

2
N ], in which s=[s1, s2, . . . ,

sN ]. Equation (66) shows that |R2(x, y)|up ∝ (1/|y|2), which
approaches zero as SNR → ∞. Then, we conclude that
T (x, y) = (μx/μy) + (x/μy)− (μxy/μ

2
y) if SNR → ∞. �
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